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 a b s t r a c t

By showing that a one-shot deviation property holds for almost all large games with i.i.d. ran-
domly drawn payoffs in which a convention (in the sense of Young, 1993a) exists, long-run out-
comes under behavioral rules are characterized by social choice rules.

1.  Introduction

Lewis (1969) argued that conventions, self-reinforcing regularities in the behavior of individuals in a society, can emerge when 
individuals follow simple, adaptive behavioral rules. Mathematical foundations for this theory were later presented by Young (1993a) 
and Kandori et al. (1993), who showed that conventions can be ranked by their stability properties. The stability of conventions under 
diverse behavioral rules has since been extensively studied (Sandholm, 2010; Newton, 2018).

In general, the stability of conventions depends on non-trivial interaction between the underlying game and individuals’ behavioral 
rules. Stability is a global property. However, it is possible to construct example pairings of games and behavioral rules under which 
stability is determined by a local property. Specifically, we say that a pair of a game and a behavioral rule satisfy the one-shot deviation 
property if the relative stability of conventions is wholly determined by the probability with which a deviation from equilibrium play 
occurs at each convention. Formally, identify the set of conventions with 𝑁𝐸, the set of strict Nash equilibria. Write 𝑂𝑆 ⊆ 𝑁𝐸 as 
the set of equilibria at which the probability of a deviation is lowest. Let 𝑆𝑆 be the most stable, the stochastically stable, equilibria 
(Foster and Young, 1990). Then, the one-shot deviation property holds if 𝑂𝑆 = 𝑆𝑆 (Fig. 1).

In this paper, we leverage recent advances on the structure of large games with randomly drawn payoffs (Johnston et al., 2025)1 
to show that the one-shot deviation property holds for almost all2 pairs of games and behavioral rules when payoffs are i.i.d. and the 
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1 These games are often known as random games but we follow the more explicit nomenclature of games with random payoffs / utilities as suggested 

in Pradelski and Tarbush (2025).
2 Throughout, we use almost all in the sense used in random graph theory, meaning that a property holds asymptotically almost surely (e.g. 

Bollobás, 2001; Spencer, 2013) as the number of vertices (here, players) tends to infinity. Given the links between random graphs and best response 
correspondences of games with random payoffs, this terminology is natural. All conditions in formal results are stated explicitly.
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$|N| \to \infty $


$NE_{\tilde {u}}$


$\tilde {u}$


$NE_{\tilde {u}} \neq \emptyset $


$s'\notin NE_{u}$


$s^* \in NE_{u}$


$u$


$\tilde {u}$


$\bar {u}$


$Prob_{\Gamma (N,S)}[NE_{\tilde {u}} \neq \emptyset ]$


$^{,}$


$\Gamma $


$\{u_i(s)\}_{i\in N,s\in S}$


$F$


$F_i$


$\beta = Prob_{\Gamma (N,S)}[\{s_i \} = B_{i,\tilde {u}}(s)] \leq \sfrac {1}{m}$


$\sfrac {1}{m}$


$\bar {u} \to 0$


$\Gamma $


$\mathcal {P}$


$\delta >0$


$m\geq 2$


$\tilde {n}$


$\bar {U}>0$


$(N,S)$


$|N| \geq \tilde {n}$


$|S_i| = m$


$i\in N$


$\bar {u}\le \bar {U}$


$\tilde {u}$


$NE_{\tilde {u}} \neq \emptyset $


$1-\delta $


$NE_{u}\neq \emptyset $


$NE_{\tilde {u}}=\emptyset $


$NE_{\tilde {u}}=\emptyset $


$c_{\tilde {u}}(s)=0$


$s\in S$


$OS_{\tilde {u}}=S$


$OS_{\tilde {u}}$


$s^{*},s^{**}\in NE_{u}$


$s^{**}$


$u$


$\tilde {u}$


$NE_{\tilde {u}}=\emptyset $


$s^{**} \notin NE_{\tilde {u}}$


$s^{**}$


$\tilde {u}$


$s^{**} \notin NE_{\tilde {u}}$


$i\in N$


$s'_i\in S_i$


$s'_{i} \neq s^{**}_{i}$


$s'_i \in B_{i,\tilde {u}}(s^{**})$


$s^{**}\in NE_{u}$


$s'_{i} \neq s^{**}_{i}$


$s'_i \notin B_{i,u}(s^{**}) = B_{i,u}(s')$


$s' \notin NE_{u}$


$s',\ldots ,s^{*}$


$u$


$\tilde {u}$


$s^{**},s',\ldots ,s^{*}$


$\tilde {u}$


$s\in S$


$s^{*}$


$\tilde {u}$


$P^{0}$


$\tilde {u}$


$NE_{u}$


$P = \{P^{\varepsilon }\}_{\varepsilon }$


$H=(N,\{S_{i}\}_{i\in N},\{\succeq _{i}\}_{i\in N})$


$N=\{1,\ldots ,n\}$


$i$


$S_{i}=\{1, \ldots , |S_i| \}$


$\succeq _{i}$


$S$


$S = \times _{i\in N} S_{i}$


$\succ _i$


$\succeq _i$


$\overline {\mathcal {H}}(N,S)$


$N$


$S$


$G = (N,\{S_{i}\}_{i\in N},\{u_{i}\}_{i\in N})$


$H(G) = (N,\{S_{i}\}_{i\in N},\{\succeq _{i}\}_{i\in N})$


$s \succeq _{i} s'$


$u_i(s)\geq u_i(s')$


$H = (N,\{S_{i}\}_{i\in N},\{\succeq _{i}\}_{i\in N})$


$i\in N$


$(s_{i},s_{-i})$


$(s'_{i},s_{-i})\in S$


$(s_{i},s_{-i}) \succ _i (s'_{i},s_{-i})$


$(s'_{i},s_{-i}) \succ _i (s_{i},s_{-i})$


$\mathcal {H}(N,S)$


$N$


$S$


$H$


$s_i$


$s_{-i}$


$(s_{i},s_{-i}) \succeq _i (s'_{i},s_{-i})$


$s'_{i}\in S_i$


$s$


$H = (N,\{S_{i}\}_{i\in N},\{\succeq _{i}\}_{i\in N})$


$i\in N$


$s_i$


$s_{-i}$


$s$


$G$


$s$


$H(G)$


$H$


$(S,\to )$


$S$


$\to $


$s\to s'$


$i\in N$


$s_{-i} = s'_{-i}$


$s_{i}$


$s_{-i}$


$s'_{i}$


$s_{-i}$


$s\in S$


$H$


$\Gamma $


$\Gamma $


$\Gamma $


$\Gamma $


$\delta >0$


$m\geq 2$


$\tilde {n}$


$(N,S)$


$|N| \geq \tilde {n}$


$\max _{i\in N} |S_i| \leq m$


$\Gamma (N,S)$


$H(G)$


$1-\delta $


$(N,S)$


$\Gamma (N,S)$


$\mathcal {G}(N,S)$


$H$


$G\in \mathcal {G}(N,S)$


$H(G) \in \overline {\mathcal {H}}(N,S)$


$\Gamma (N,S)$


$\overline {\mathcal {H}}(N,S)$


$\Gamma $


$\Gamma (N,S)$


$i\in N$


$\{u_i(s)\}_{s\in S}$


$i\in N$


$s,s'\in S$


$s\neq s'$


$u_i(s)$


$u_i(s')$


$u_i(s) = u_i(s')$


$N$


$S$


$G$


$i\in N$


$s,s'\in S$


$s\neq s'$


$u_i(s) \neq u_i(s')$


$H(G)$


$H(G)$


$i\in N$


$s,s'\in S$


$s\neq s'$


$s \succ _i s'$


$s' \succ _i s$


$H(G)$


$H(G)\in \mathcal {H}(N,S)$


$H(G)$


$X$


$H(G)$


$X$


$H$


$\Gamma (N,S)$


$H(G)$


\begin {align}\label {eqn:probratio3} \frac {Prob_{\Gamma (N,S)}[H(G) \text { is connected}]}{Prob_{\Gamma (N,S)}[H(G) \text { has at least one pure Nash eq}^{\mathrm {m}}]} ,\end {align}


\begin {align}\label {eqn:probratio2} \frac {Prob_{\Gamma (N,S)}[H(G) \text { is generic and connected}]}{Prob_{\Gamma (N,S)}[H(G) \text { is generic and has at least one pure Nash eq}^{\mathrm {m}}]} .\end {align}


$\Gamma $


$\mathcal {H}(N,S)$


$\Gamma (N,S)$


$\mathbf {H},\mathbf {H}' \subseteq \mathcal {H}(N,S)$


\begin {align}\frac {Prob_{\Gamma (N,S)}[\, H(G)\in \mathbf {H} \,]}{Prob_{\Gamma (N,S)}[\, H(G)\in \mathbf {H}'] \,} = \frac {|\mathbf {H}|}{|\mathbf {H}'|}.\end {align}


\begin {align}\label {eqn:probratio3} \frac {\left | \{H\in \mathcal {H}(N,S): \; H \text { is connected}\} \right | }{\left | \{H\in \mathcal {H}(N,S): \; H \text { has at least one pure Nash eq}^{\mathrm {m}} \}\right |} .\end {align}


$c>0$


$n=|N|$


$\max _{i\in N} |S_i|$


$(\ref {eqn:probratio3})$


$1-e^{-cn}$


$\max _{i\in N} |S_i| \leq m$


$\tilde {n}$


$|N| \geq \tilde {n}$


$(\ref {eqn:probratio3})$


$1-e^{-c |N|}$


$\delta >0$


$\tilde {n}$


$1-e^{-c\tilde {n}} > 1- \delta $


$G$


$H(G)$


$H(G)$


$G$


$\{P^{\varepsilon } \}_{\varepsilon }$


$(S,c(\cdot ,\cdot ))$


$S$


$s$


$s'$


$c(s,s')$


$s$


$(S,c(\cdot ,\cdot ))$


$s'\neq s$


$s$


$s$


$s$


$\{P_i^{\varepsilon }\}_{\varepsilon }$


$s\in NE$


$s'=(s'_i,s_{-i} )$


$s'_i \neq s_i$


$s\in NE$


$B_i(s') = B_i(s) = \{s_i\}$


$s'\notin NE$


$s'\notin NE$


$s^*\in NE$


$P^{\varepsilon }$


$\varepsilon >0$


$P= \{P^{\varepsilon }\}_{\varepsilon }$


$\varepsilon >0$


$s^*\in SS$


$s^*$


$s\in S$


$s^*$


$s\in S$


$\mathcal {T}^{0}$


$s^*$


$s^*$


$NE$


$s^{*} \in NE$


$s^{1} \in \argmin _{s\in S\setminus s^*} c(s^*,s)$


$c(s^*,s^{1}) = c(s^*)$


$s^* \to s^{1}$


$\mathcal {T}^{0}$


$\mathcal {T}^{1}$


$i\in N$


$s^{*}_{-i} = s^{1}_{-i}$


$s^{*}_{i} \neq s^{1}_{i}$


$c(s^*,s^{1})=\infty $


$s \neq s^{*}$


$c(s^*,s)< \infty $


$s^{1}$


$i$


$s^{*}_{-i}$


$s^{1}=(s^{1}_i,s^*_{-i})$


$s^{*}=(s^{*}_i,s^*_{-i})$


$s^{*} \notin NE$


$s^{1} = s^{*}$


$\mathcal {T}^{1}=\mathcal {T}^{0}$


$\mathcal {T}^{1}$


$\mathcal {T}^{0}$


$c(s^*)$


$H(G)$


$s'\in NE$


$s^{1}, \ldots , s^{T} = s'$


$t=1,\ldots ,T-1$


$i\in N$


$s^{t+1}_{i} \neq s^{t}_{i}$


$s^{t+1}_{-i} = s^{t}_{-i}$


$s^{t+1}_{i}$


$s^{t}_{-i}$


$\mathcal {T}^{1}$


$s^{1},\ldots ,s^{T}$


$t=1,\ldots ,T-1$


$s^t \to s^{t+1}$


$\mathcal {T}^{T}$


$s'$


$c(s^{t},s^{t+1}) = 0$


$t=1,\ldots ,T-1$


$\mathcal {T}^{T}$


$\mathcal {T}^{1}$


$c(s')$


$\mathcal {T}^{T}$


$\mathcal {T}^{0}$


$c(s^{*})$


$c(s')$


$s^{*} \notin OS$


$OS$


$NE\neq \emptyset $


$\emptyset \neq OS \subseteq NE$


$s'$


$s'\in OS$


$OS$


$c(s^{*})- c(s') <0$


$\mathcal {T}^{T}$


$\mathcal {T}^{0}$


$s'$


$s^*$


$s^*\in OS$


$s'\in OS$


$s^*$


$SS=OS$


$\Gamma $


$\mathcal {P}$


$\delta >0$


$m\geq 2$


$\tilde {n}$


$(N,S)$


$|N| \geq \tilde {n}$


$\max _{i\in N} |S_i| \leq m$


$\Gamma (N,S)$


$G$


$\{P^{\varepsilon } \}_{\varepsilon }$


$G$


$1-\delta $


$P= \{P^{\varepsilon } \}_{\varepsilon }$


$\mathcal {P}(G)$


$\mathcal {P}$


$s^*\notin NE$


$i\in N$


$s^{\mbox {~}}_i\neq s^*_i$


$s_i \in B_i(s^*)$


$c(s^*,(s_i,s^*_{-i}))=0$


$c(s^*)=0$


$s^*\in NE$


$i\in N$


$B_i(s^*) = \{s^*_i \}$


$s\neq s^*$


$c(s^*,s)>0$


$c(s^*)>0$


$s^*$


$s$


$i,j\in N$


$i\neq j$


$s^{\mbox {~}}_i\neq s^*_i$


$s^{\mbox {~}}_j\neq s^*_j$


$c(s^*,s)=\infty $


$NE\neq \emptyset $


$OS\subseteq NE$


$OS$


$c(s^*,s)$


$s^* \in NE$


$s=(s_i, s^*_{-i})$


$i\in N$


\begin {align}\label {eqn:OSgeneral} OS = \argmax _{s^*\in NE} c(s^*) = \argmax _{s^*\in NE} \min _{\substack {i\in N \\ s_i\neq s^*_i}} c(s^*,(s_i,s^*_{-i})).\end {align}


$s^*\in NE$


$i\in N$


$s_i \neq s^*$


$c(s^*,(s_i,s^*_{-i}))=1$


$OS=NE$


$s^*\in NE$


$i\in N$


$s_i \neq s^*$


\begin {align}c(s^*,(s_i,s^*_{-i})) &= f\bigg ( \underbrace {\max \limits _{\tilde {s}_i \in S_i} u_i(\tilde {s}_i,s^{*}_{-i})}_{=u_i(s^*)\text { as }s^*\in NE} - u_i(s_{i},s_{-i}^{*}) \bigg ) \\\notag &= f\bigg ( u_i(s^*) - u_i(s_{i},s_{-i}^{*}) \bigg ) .\end {align}


\begin {align}OS &=\argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; f \bigg ( u_i(s^*) - u_i(s_i,s^{*}_{-i}) \bigg ) \\\notag &\underset {\substack {\text {as } f \\ \text {strictly}\\ \text {increasing}}}{=} \argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; u_i(s^*) - u_i(s_i,s^{*}_{-i}).\end {align}


$B_{i}^{\rho }(\cdot )$


$s_i'$


$\rho $


$i$


$s'$


\begin {align}u_i(s') \geq \max _{s_i \neq s'_i} u_i(s_i,s'_{-i}) - \rho ,\end {align}


\begin {align}\label {eqn:rhoproof1} - \rho \leq u_i(s')-\max _{s_i \neq s'_i} u_i(s_i,s'_{-i}) = \min _{s_i \neq s'_i} \left [ u_i(s')-u_i(s_i,s'_{-i}) \right ].\end {align}


$\rho \text {-}NE$


$s'$


$\rho \text {-}NE$


$i\in N$


\begin {align}\label {eqn:rhoproof2} - \rho \leq \min _{\substack {i\in N \\ s_i \neq s'_i}} \left [ u_i(s')-u_i(s_i,s'_{-i}) \right ].\end {align}


\begin {align}\rho ^{*} := - \max _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; \left [ u_i(s^*) - u_i(s_i,s^{*}_{-i}) \right ].\end {align}


$s'$


$\rho ^*\text {-}NE$


\begin {align}\label {eqn:rhoproof3} \max _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; \left [ u_i(s^*) - u_i(s_i,s^{*}_{-i}) \right ] \leq \min _{\substack {i\in N \\ s_i \neq s'_i}} \left [ u_i(s')-u_i(s_i,s'_{-i}) \right ].\end {align}


\begin {align}\label {eqn:rhoproof4} s' \in \argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; \left [ u_i(s^*) - u_i(s_i,s^{*}_{-i}) \right ] = OS.\end {align}


$\rho > \rho ^*$


$\rho \text {-}NE$


$OS \subseteq \rho \text {-}NE$


$\rho < \rho ^*$


$\rho \text {-}NE= \emptyset $


\begin {align}\text {least-}NE = \bigcap _{\substack {\rho \in \mathbb {R} \\ \rho \text {-}NE \neq \emptyset }} \rho \text {-}NE = \Big ( \rho ^*\text {-}NE \Big ) \cap \left ( \bigcap _{\rho >\rho ^*} \rho \text {-}NE \right ) =OS.\end {align}


$s^*\in NE$


$i\in N$


$s_i \neq s^*$


\begin {align}c(s^*,(s_i,s^*_{-i})) &= g\left (u_i(s^*)\right ) .\end {align}


\begin {align}OS &=\argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; g\left (u_i(s^*)\right ) = \argmax _{s^{*} \in NE} \min _{i\in N} \; g\left (u_i(s^*)\right ) \\\notag &\underset {\substack {\text {as } g \\ \text {strictly}\\ \text {increasing}}}{=} \argmax _{s^{*} \in NE} \min _{i\in N} \; u_i(s^*).\end {align}


$1-\delta $


$H(G)$


$s'\in OS\subseteq NE$


$s^*\notin NE$


$s^*= s^{1},\ldots , s^{T}$


$s^*\in NE\setminus OS$


$s^*, s^{1},\ldots , s^{T}$


$\bar {T}$


$T$


$i$


$\pi (i)$


$\underline {\pi } = \min _{i\in N} \pi (i)$


$\pi $


$\underline {\pi }>0$


$s^*\notin OS$


$s^{1},\ldots , s^{T}$


$s^*=s^1$


$s^1$


$s^{1},\ldots , s^{T}$


\begin {align}\label {eqn:speedbound1} \prod _{t=1}^{T-1} P^{\varepsilon }(s^{t},s^{t+1}) \; \underset {\substack {\text {for small}\\ \text {enough }\varepsilon }}{>} \; \left ( \frac {1}{2}\underline {\pi }\right )^{T-1} \; \underset {\substack {\text {by defn}\\ \text {of }\bar {T}}}{\geq } \; \left ( \frac {1}{2}\underline {\pi }\right )^{\bar {T}-1} \; =: \; \kappa _1,\end {align}


$t$


$s^t$


$s^{t+1}$


$\underline {\pi }$


$\sfrac {1}{2}$


$\varepsilon $


$\varepsilon ^k$


$k$


$k$


$0$


$0$


$\varepsilon \to 0$


$s^*\in NE\setminus OS$


$s^*\neq s^1$


$i$


$s^*_i \neq s^1_i$


\begin {align}\label {eqn:speedbound2} P^{\varepsilon }(s^*,s^1) &\underset {\text {as }s^*_i \neq s^1_i}{=} \; \pi (i) \, P_i^{\varepsilon }(s^*,s^1) \; \underset {\substack {\text {for }a,k>0\\ \text {by (4)}}}{=} \; \pi (i) \, \left ( a+o(1) \right ) \varepsilon ^k \\ \notag &\underset {\substack {\text {as }\varepsilon \to 0\\ \text {and } o(1)\to 0 }}{>} \; \pi (i) \frac {a}{2} \varepsilon ^{k} \; \underset {\substack {\text {by defn}\\ \text {of }\underline {\pi }}}{\geq } \; \; \underline {\pi } \frac {a}{2} \varepsilon ^{k} \; \underset {\substack {\text {by defn}\\ \text {of }\vec {c}}}{\geq } \; \underline {\pi } \frac {a}{2} \varepsilon ^{\vec {c}} =: \kappa _2 \varepsilon ^{\vec {c}}.\end {align}


$s^*\notin OS$


$\varepsilon $


$\kappa _1 \kappa _2 \varepsilon ^{\vec {c}}$


$s^*\notin OS$


$OS$


$\bar {T}$


$\kappa _1 \kappa _2 \varepsilon ^{\vec {c}}$


$s^*\notin OS$


$OS$


$\bar {T}$


$\kappa _1 \kappa _2 \varepsilon ^{\vec {c}}$


$\bar {T} \frac {1}{\kappa _1 \kappa _2} \varepsilon ^{-\vec {c}}$


$\kappa := \bar {T} \frac {1}{\kappa _1 \kappa _2}$


$1-\delta $


$H(G)$


$P^{NE}(s^*,s')$


$c^{NE}(s^*,s')$


$s^*,s'\in NE$


$s^*\neq s'$


$P^{NE}(s^*,s')$


$P$


$s^*$


$t=0$


$NE$


$t>0$


$s'$


$P^{NE}(s^*,s')$


$P^{NE}(s^*,s')\neq 0$


$s^*,s^1,\ldots ,s^T=s'$


$P$


$s^*$


$s'$


$s^1$


$s^*_i \neq s^{1}_i$


$s^*_{-i} = s^{1}_{-i}$


\begin {align}\label {eqn:mediumbound1} P^{\varepsilon }(s^*,s^1) &\underset {\text {as }s^*_i \neq s^1_i}{=} \; \pi (i) \, P_i^{\varepsilon }(s^*,s^1) \; \underset {\substack {\text {for }a,k>0\\ \text {by} (4)}}{=} \; \pi (i) \, \left ( a+o(1) \right ) \varepsilon ^k\end {align}


$\varepsilon $


\begin {align}\underline {\pi } \, \frac {a}{2} \, \varepsilon ^{k} < P^{\varepsilon }(s^*,s^1) < 2a \, \varepsilon ^{k} \leq 2a \, \varepsilon ^{c(s^*)},\end {align}


$k\geq c(s^*)$


$c(\cdot )$


$s^1$


$A \, \varepsilon ^{c(s^*)}$


$A>0$


$s^1,\ldots ,s^T=s'$


$(\frac {1}{2} \underline {\pi })^{T-1}$


$s'$


$c(s^*,s')=c(s^*)$


$s^*,s^1,\ldots ,s^T=s'$


$(\frac {1}{2} \underline {\pi })^{T-1} \underline {\pi } \, \frac {a}{2} \, \varepsilon ^{c(s^*)}$


$P^{NE}(s^*,s')$


$c^{NE}(s^*,s') = c(s^*)$


$s'$


$\sigma (s^*) = NE\setminus s^*$


$\Gamma = NE$


$P^{NE}$


$P^{NE}$


$\Gamma =NE$


$NE$


$\mathcal {P}_{0}^{FW} = \bigcup _{s\in NE}\left \{ \{ s \} \right \}$


$\mathcal {P}_{1}^{FW} = \left \{ NE \right \}$


$r(s) = \max _{s^* \in NE} c(s^*) - c(s)$


$OS$


$\{P_i^{\varepsilon }\}_{\varepsilon }$


$OS$


$\pi $


$c^{\pi }$


$c$


$s^{1} \in \argmin _{s\in S\setminus s^*} c(s^*,s)$


$s^{1} \in \argmin _{s\in S\setminus s^*} c^{\pi }(s^*,s)$


$c^{\pi }(s^*) = c(s^*)$


$c^{\pi }(s') = c(s')$


$SS^{\pi }=OS$


$\pi $


$OS$


$\pi $


$\text {Robust-}SS$


$\text {Robust-}SS = OS$


$s'$


$s'' = (s''_{i},s'_{-i})$


\begin {align}\label {eqn:MPcostmain} c(s',s'') = \sum _{\tilde {s}_i \in S_i} \frac {(z^*_{\tilde {s}_i})^2}{2\sigma ^2},\end {align}


\begin {align}\label {eqn:smallzdefn} z^*_{s_i} := \begin {cases} \underbrace {\left ( \frac {1}{|\hat {S}_i \cup \{s''_i \}|} \sum \limits _{\tilde {s}_i \in \hat {S}_i \cup \{s''_i \}} u_i(\tilde {s}_i,s'_{-i}) \right )}_{\substack {=\text {average payoff from}\\ \text {strategies in } \hat {S}_i \cup \{s''_i\}}} \, - \, u_i(s_i,s'_{-i}) , & \quad \text {if} \quad s_i \in \hat {S}_i \cup \{s''_i \}, \\ 0, & \quad \text {otherwise}, \end {cases}\end {align}


$\hat {S}_i \subset S\setminus \{ s''_{i} \}$


\begin {align}\label {eqn:Shat} s_i \in \hat {S}_i \quad \Longleftrightarrow \quad u_i(s_i,s'_{-i}) > \frac {1}{|\hat {S}_i \cup \{s''_i \}|} \sum _{\tilde {s}_i \in \hat {S}_i \cup \{s''_i \}} u_i(\tilde {s}_i,s'_{-i}).\end {align}


$\hat {S}_i$


$\hat {S}_i \cup \{s''_i\}$


$\hat {S}_i$


$u_i(\cdot ,s'_{-i})$


$\hat {S}_i \cup \{s''_i\}$


$s''_i \in B_i(s')$


$u_i(s''_i,s'_{-i}) \geq u_i(s_i,s'_{-i})$


$s_i \in S_i$


$\hat {S}_i = \emptyset $


$z^*_{\tilde {s}_i} = 0$


$\tilde {s}_i$


$c(s',s'') = 0$


$B_i(s') = \{ s^{0} \}$


$u_i(s''_i,s'_{-i}) \geq u_i(s_i,s'_{-i})$


$s_i \in S_i\setminus s^{0}$


$\hat {S}_i = \{ s^0 \}$


\begin {align}z^*_{s^0_i} = \left ( \frac {u_i(s^0_i,s'_{-i}) + u_i(s''_i,s'_{-i})}{2} \right ) - u_i(s^0_i,s'_{-i}) = \frac {u_i(s''_i,s'_{-i}) - u_i(s^0_i,s'_{-i})}{2}, \\ \notag z^*_{s''_i} = \left ( \frac {u_i(s^0_i,s'_{-i}) + u_i(s''_i,s'_{-i})}{2} \right ) - u_i(s''_i,s'_{-i}) = \frac {u_i(s^0_i,s'_{-i}) - u_i(s''_i,s'_{-i})}{2}.\end {align}


\begin {align}\label {eqn:MLisPD} c(s',s'') &= 2 \frac {(\sfrac {u_i(s^0_i,s'_{-i})}{2} - \sfrac {u_i(s''_i,s'_{-i})}{2} )^2}{2\sigma ^2} = \frac {(u_i(s^0_i,s'_{-i}) - u_i(s''_i,s'_{-i}) )^2}{4 \sigma ^2} .\end {align}


$f:\mathbb {R}_{++}\to \mathbb {R}_{++}$


$f(x) = \sfrac {x^2}{4\sigma ^2}$


\begin {align}\label {eqn:argMPPD} \underbrace {u_i(s^0_i,s'_{-i})}_{\substack {= \max _{\tilde {s}_i \in S_i} u_i(\tilde {s}_i,s'_{-i})\\ \text {by } s^0_i \in B_i(s')}} \; - \quad u_i(s''_i,s'_{-i}) \quad = \quad \max \limits _{\tilde {s}_i \in S_i} u_i(\tilde {s}_i,s'_{-i}) - u_i(s''_i,s'_{-i}) .\end {align}


$s^1_i,s^2_i \in S_i$


$u_i(s^1_i,s'_{-i}) \geq u_i(s^2_i,s'_{-i})$


$c(s', (s^1_i,s'_{-i})) \leq c(s', (s^2_i,s'_{-i}))$


$OS = \text {least-}NE$


$s^*\in NE$


$NE$


$B_i(s^*)$


$s^0$


$i$


$s''_i$


$u_i(s''_i,s^*_{-i}) \geq u_i(s_i,s^*_{-i})$


$s_i \in S_i\setminus s^{0}$


$i\in N$


\begin {align}c(s^*) &= \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; f\bigg ( \underbrace {\max \limits _{\tilde {s}_i \in S_i} u_i(\tilde {s}_i,s^{*}_{-i})}_{=u_i(s^*)\text { as }s^*\in NE} - u_i(s_{i},s_{-i}^{*}) \bigg ) \\\notag &= \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; f\bigg ( u_i(s^*) - u_i(s_{i},s_{-i}^{*}) \bigg ) .\end {align}


\begin {align}OS &=\argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; f \bigg ( u_i(s^*) - u_i(s_i,s^{*}_{-i}) \bigg ) \\\notag &\underset {\substack {\text {as } f \\ \text {strictly}\\ \text {increasing}}}{=} \argmax _{s^{*} \in NE} \min _{\substack {i\in N \\ s_i \neq s^{*}_i}} \; \left [ u_i(s^*) - u_i(s_i,s^{*}_{-i}) \right ] \\\notag &\underset {\text {by Prop.3}}{=} \text {least-}NE .\end {align}


\begin {align}\label {eqn:expectedNashatom} &\mathbb {E}_{\Gamma (N,S)}[\, |NE_{\tilde {u}}| \,] = \sum _{s\in S} Prob_{\Gamma (N,S)}[s\in NE_{\tilde {u}}] \\\notag &= \sum _{s\in S} \prod _{i\in N} \underbrace {Prob_{\Gamma (N,S)}[\{s_i \} = B_{i,\tilde {u}}(s)]}_{=: \beta <\frac {1}{m}} = |S| \beta ^{|N|} = m^{|N|} \beta ^{|N|} \xrightarrow []{|N|\to \infty } 0,\end {align}


\begin {align}&\mathbb {E}_{\Gamma (N,S)}[\, |NE_{\tilde {u}}| \,] = \sum _{k\in \mathbb {Z}_+} k \; Prob_{\Gamma (N,S)}[\, |NE_{\tilde {u}}| = k \,],\end {align}


\begin {align}Prob_{\Gamma (N,S)}[\,NE_{\tilde {u}} =\emptyset \,] = Prob_{\Gamma (N,S)}[\, |NE_{\tilde {u}}| = 0 \,] \xrightarrow {N\to \infty } 1 .\end {align}


$Prob_{\Gamma (N,S)}[ NE_{\tilde {u}} \neq \emptyset ]$
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$m\geq 2$


$\beta = Prob_{\Gamma (N,S)}[\{s_i \} = B_{i,\tilde {u}}(s)]$


$i\in N$


$\beta < \frac {1}{m}$


$n=|N|$


\begin {align}&Prob_{\Gamma (N,S)}\left [s\in NE_{\tilde {u}}\right ] = Prob_{\Gamma (N,S)}\left [\mathds {1}_{NE_{\tilde {u}}}(s)=1\right ] = \beta ^{n} , \\ &\mathbb {E}_{\Gamma (N,S)}\left [\, |NE_{\tilde {u}}| \,\right ] = \mathbb {E}_{\Gamma (N,S)}\left [\, \sum _{s\in S} \mathds {1}_{NE_{\tilde {u}}}(s) \,\right ] = \sum _{s\in S} \beta ^{n} = m^n \beta ^{n} .\end {align}
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$\bar {u}$


$Prob_{\Gamma (N,S)}[H(G) \text { is connected}_{u}\vert NE_{\tilde {u}} \neq \emptyset ]\to 1$


$n\to \infty $


$\bar {u}$


$n\to \infty $


$\beta ^n m^n$


$n\to \infty $


$1-e^{-\beta ^n m^n}$


$\lim _{n\rightarrow \infty } \frac {1-e^{-\beta ^n m^n}}{\beta ^n m^n} =1$


$\lim _{n\rightarrow \infty } \frac {m^{n}( n(m-1) + 1 ) \beta ^{2n}}{\beta ^n m^n} = \lim _{n\rightarrow \infty } ( n(m-1) + 1 ) \beta ^{n} =0$


$\lim _{n\rightarrow \infty } \frac {e^{-c n}}{\beta ^n m^n} = \lim _{n\rightarrow \infty } e^{-n (c+\log \beta m)}$


$c + \log \beta m >0$


$\beta $


$i\in N$


$F$


\begin {align}\beta = Prob_{\Gamma (N,S)}[\{s_i \} = B_{i,\tilde {u}}(s)] \xrightarrow []{\bar {u}\to 0} \frac {1}{m},\end {align}


$\beta m \to 1$


$\log \beta m \to 0$


$\bar {u}$


$c+\log \beta m>0$


$(iii)$


$\lim _{n\rightarrow \infty } \frac {e^{-c n}}{\beta ^n m^n} \to 0$


$\bar {u}$


$c+\log \beta m>0$


\begin {align}\label {eqn:atom5} &Prob_{\Gamma (N,S)}[H(G) \text { is connected}_{u} | NE_{\tilde {u}} \neq \emptyset ] \xrightarrow []{n\to \infty } 1\end {align}
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Fig. 1. One-shot deviation property. There are three illustrated strategy profiles, 𝑠∗, 𝑠′, 𝑠∗∗. The set of strict Nash equilibria is 𝑁𝐸. Probabilities 
are either ‘low’ or ‘high’. 𝑂𝑆 = {𝑠∗} is the set of profiles from which transitions occur with the lowest probability. In Panel (a) we see that upon 
leaving either profile in 𝑁𝐸, the other profile in 𝑁𝐸 is reached with high probability. Therefore, the most stable equilibria 𝑆𝑆 are those for which 
the initial deviation has the lowest probability. 𝑆𝑆 = {𝑠∗} = 𝑂𝑆 so the one-shot deviation property holds. In Panel (b), although transitions from 𝑠∗
have low probability, after they occur 𝑠∗ is never again reached. Consequently, 𝑆𝑆 = {𝑠∗∗} ≠ 𝑂𝑆 so the one-shot deviation property does not hold.

behavioral rule is based on best response. Specifically, for any universal behavioral rule that specifies behavior in any game, for any 
finite bound on the size of strategy sets, the one-shot deviation property holds asymptotically almost surely in the number of players 
[Theorem 1]. That is, for large games with randomly drawn payoffs, it is very likely that the one-shot deviation property holds. The 
problem of determining 𝑆𝑆 reduces to the problem of determining 𝑂𝑆, which only depends on local properties of equilibria. 

Our result allows us to definitively characterize the outcomes of given behavioral rules across almost all games. In particular, as 
strategy choice depends on payoffs, the properties of conventions in 𝑂𝑆 can depend on payoff comparisons both within and between 
players, giving results of the form:

For almost all games, 𝑋 is stochastically stable under behavioral rule 𝑌  if and only if 𝑋 is chosen by the social choice 
rule 𝑍.

By social choice rule we mean a mapping from players’ preferences to outcomes. In contrast to normative analysis, which considers 
properties (moral, desirable etc.) of social choice rules, our approach is closer to positive analysis, focusing on how social choice rules 
emerge as long run equilibria under different behavioral rules.

Interestingly, popular behavioral rules lead to social choice rules that are related to established concepts in noncooperative and 
cooperative game theory. Best response with uniform deviations selects 𝑁𝐸, the set of strict Nash equilibria [Proposition 1]. Payoff-
difference based rules, including logit and probit choice, select the least-𝑁𝐸, a non-cooperative analogy of the least-core in cooperative 
game theory [Proposition 3]. Condition dependent rules, under which deviations are more likely when players have low payoffs, select 
Rawlsian-𝑁𝐸, the subset of strict Nash equilibria that maximize the payoff of the least well-off player [Proposition 4].

Analytically, the one-shot deviation property brings further benefits. First, the speed of convergence to 𝑆𝑆 is governed by the 
most likely deviation available at each state outside 𝑆𝑆, specifically by the least likely of these across all such states [Theorem 2]. 
Second, it becomes easy to make statements about medium term behavioral dynamics: trajectories followed by the process before 
it hits 𝑆𝑆. This makes it simple to calculate the relative stability of all conventions [Theorem 3]. Third, all equilibria in 𝑆𝑆 will 
be robustly stochastically stable (Alós-Ferrer and Netzer, 2015) in the sense that selection does not depend on synchronous versus 
asynchronous strategy updating.

1.1.  Alignment and misalignment with existing literature

Many studies in the existing literature consider games in which players’ payoffs are positively or negatively correlated to some 
extent, and our results for games with random payoffs do not directly apply to such settings. However, by proving results for almost 
all games with i.i.d. randomly drawn payoffs, we provide a benchmark against which existing or future results can be interpreted. For 
a given behavioral rule based on best response, the baseline expectation is that results align with the current paper. When results do 
not align, the divergence must arise from some aspect of the model structure other than the basic behavioral rule. Here we consider 
some examples of alignment and non-alignment.

A famous result in the stochastic stability literature is the emergence of risk dominant conventions in populations playing 2 × 2
coordination games. By definition, the risk dominant equilibrium maximizes the payoff loss from playing a non-best response. This 
makes it the least-NE outcome and our prediction under logit deviations [Proposition 3]. This is indeed the outcome that typically 
arises under logit (Newton, 2021; Blume, 2003; Alós-Ferrer and Netzer, 2010). In contrast, our prediction under uniform deviations 
is the set of strict Nash equilibria [Proposition 1] rather than the risk dominant outcomes found in the literature (Young, 1993a; 
Kandori et al., 1993; Newton, 2021). This misalignment arises because the cited papers effectively mimic the payoff dependence of 
logit by the game being played against a population rather than just a given individual.
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In one-to-one matching problems with non-transferable utility, a one-shot deviation principle holds (Newton and Sawa, 2015), and 
consequently we have alignment. Uniform deviations select all stable matchings (Jackson and Watts, 2002a), logit gives a form of the 
least-core (Newton and Sawa, 2015), and condition dependence gives Rawlsian stable matchings (Bilancini et al., 2020). Similarly, 
in matching with transferable utility, uniform deviations give almost all stable matchings (Klaus and Newton, 2016) and logit gives 
the least-core (Nax and Pradelski, 2015). However, when Klaus and Newton (2016) study logit, they obtain almost no selection. This 
misalignment arises because the model allows local deviations that do not generate enough disorder to generate a one-shot result.

There is partial alignment in the housing market model of Ben-Shoham et al. (2004). One-shot results applicable to matching 
models are not applicable, since houses have no preferences or agency. Under uniform deviations, they select efficient (but not all) 
stable allocations. When serious mistakes are less likely, their deviations are an ordinal discretization of logit (Kandori et al., 2008). 
In fact, due to the process satisfying detailed balance conditions, the effects turn out to be aggregative, with logit selecting allocations 
that maximize total utility (in the ordinal environment, equivalent to minimizing aggregate envy).

In two player bargaining problems, logit selects the egalitarian solution (Hwang et al., 2018), effectively the least-core and 
thus aligned with Proposition 3. In contrast, under uniform deviations, Young (1993b) does not find no selection as predicted by 
Proposition 1, but rather the emergence of the Kalai-Smorodinsky bargaining solution. This is due to a sampling/population process 
giving rise to patterns of behavior that are similar to condition dependence, but with payoffs for any given player measured relative 
to their best possible payoff.

Experimental literature supports payoff and condition dependent perturbations. In coordination games, Mäs and Nax (2016) 
and Lim and Neary (2016) observe behavior that is primarily myopic best response, with deviations that are payoff dependent. 
Bilancini et al. (2021) show that deviations depend on both payoff differences and condition, with higher non-best response rates for 
subjects who are currently doing poorly. In bargaining experiments, Hwang et al. (2018) find that non-best-response play is payoff 
dependent and exhibits intentional, distributional bias, again rejecting uniform perturbations. Taken together, these results indicate 
that empirically relevant behavioral rules are payoff-difference based and condition dependent, while uniform perturbations are a 
theoretical simplification.

1.2.  Related literature

Our paper contributes to a suite of methods for the study of the evolution of conventions. Some of these methods are fully 
general, such as the tree characterization (Young, 1993a; Kandori et al., 1993) and cyclic decompositions (Cui and Zhai, 2010; Levine 
and Modica, 2016; Newton and Sandholm, 2022). Other methods gain simplicity at the cost of generality. These include radius-
coradius methods (Ellison, 2000) and asymmetry (Peski, 2010; Newton, 2021). When the one-shot deviation property holds, we are 
clearly in the domain of simplicity, so some generality must be sacrificed. For example, Newton and Sawa (2015) prove a one-shot 
result (𝑆𝑆 ⊆ 𝑂𝑆) in the domain of matching problems. The current paper deals with normal form games and shows that, somewhat 
remarkably, in this domain the one-shot deviation property (𝑆𝑆 = 𝑂𝑆) is asymptotically general.

The Evolutionary Nash Program is the study of connections between evolutionary game theory and cooperative game theory 
(Newton, 2018). Examples include the study of recontracting and Nash demand games (Feldman, 1974; Green, 1974; Young, 1993b; 
Agastya, 1997, 1999; Newton, 2012; Serrano and Volij, 2008; Sawa, 2021; Khan, 2022; Montero and Possajennikov, 2023), matching 
with transferable utility (Nax and Pradelski, 2015; Pradelski, 2015; Klaus and Newton, 2016; Nax et al., 2013), matching with 
non-transferable utility (Newton and Sawa, 2015; Bilancini et al., 2020; Jackson and Watts, 2002b; Roth and Vande Vate, 1990; 
Diamantoudi et al., 2004; Kojima and Ünver, 2008), the study of bargaining solutions as long term outcomes of coordination games 
(Young, 1998; Naidu et al., 2010; Hwang et al., 2018). The current paper contributes to this literature by giving the most general 
characterizations to date of the implications of behavioral rules in terms of social choice functions.

Finally, this paper contributes to the study of games with randomly drawn payoffs. This literature includes results on the num-
ber of (Nash) equilibria (Dresher, 1970; Stanford, 1996; Rinott and Scarsini, 2000; McLennan and Berg, 2005; Takahashi, 2008; 
Arieli and Babichenko, 2016; Pei and Takahashi, 2019) and convergence of adaptive dynamics, typically best response dynamics, 
to equilibrium (Amiet et al., 2021; Wiese and Heinrich, 2022; Heinrich et al., 2023; Johnston et al., 2025; Mimun et al., 2024). We 
build on this literature by combining it with stochastic evolutionary game theory and showing clean equilibrium selection under all 
regular perturbed best response dynamics in almost all normal form games that have at least one Nash equilibrium. Our main result 
[Theorem 1] uses continuous payoff distributions, but we also show that the result extends to distributions containing small atoms 
[Theorem 4].

2.  Model

2.1.  Games

A normal form game 𝐺 = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {𝑢𝑖}𝑖∈𝑁 ) consists of a finite set of players 𝑁 = {1,… , 𝑛}, and for each player 𝑖, a finite set 
of strategies 𝑆𝑖 = {1,… , |𝑆𝑖|} and payoff function 𝑢𝑖 ∶ 𝑆 → ℝ, where 𝑆 = ×𝑖∈𝑁𝑆𝑖.3 ,4

3 Under our dynamic process of strategy updating (Section 2.2), players can choose their strategies randomly, but the strategies that they choose 
are pure. This keeps the state space finite and analysis tractable. For issues that arise on infinite state spaces, see Newton (2015).
4 Note this is a single game played by 𝑛 players. This differs from models in which, for example, 𝑛 players are randomly matched to play a 2-player 

game. There is no random matching in our model. The randomness in our games enters via their payoffs (Section 2.4).
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The set of best responses by player 𝑖 to strategy profile 𝑠 = (𝑠𝑖, 𝑠−𝑖) is 

𝐵𝑖(𝑠) ∶=

{

𝑠̃𝑖 ∈ 𝑆𝑖 ∶ 𝑢𝑖(𝑠̃𝑖, 𝑠−𝑖) = max
𝑠′𝑖∈𝑆𝑖

𝑢𝑖(𝑠′𝑖 , 𝑠−𝑖)

}

. (1)

If, for all 𝑖 ∈ 𝑁 , 𝑠𝑖 is a best response to 𝑠, then 𝑠 is a pure Nash equilibrium. If all best responses are unique, the equilibrium is strict. 
The set of strict Nash equilibria of 𝐺 is 

𝑁𝐸 ∶=
{

𝑠 ∈ 𝑆 ∶ ∀𝑖 ∈ 𝑁, 𝐵𝑖(𝑠) = {𝑠𝑖}
}

. (2)

2.2.  Dynamics and behavioral rules

Given a game 𝐺, play evolves according to a discrete time Markov process on 𝑆. Define a family of Markov processes 𝑃 = {𝑃 𝜀}𝜀
indexed by 𝜀 ∈ [0, 1), where higher values of 𝜀 correspond to a greater frequency of perturbations from the unperturbed process 𝑃 0. 
Let the state at time 𝑡 be 𝑠𝑡 ∈ 𝑆. Let 𝑃 𝜀 be described by the following steps. At time 𝑡 + 1, select an updating player 𝑖 ∈ 𝑁 according 
to a probability measure 𝜋 with full support on 𝑁 . Then, let 𝑠𝑡+1 be randomly determined according to a probability measure 𝑃 𝜀

𝑖 (𝑠
𝑡, ⋅)

satisfying 𝑃 𝜀
𝑖 (𝑠

𝑡, 𝑠) = 0 if 𝑠 −𝑖 ≠ 𝑠𝑡−𝑖.
Note that 𝑃 𝜀

𝑖  is also a Markov process on 𝑆. We shall refer to the family {𝑃 𝜀
𝑖 }𝜀 as a behavioral rule for 𝑖. In summary, the two step 

strategy updating process selects an updating player before (possibly) updating his strategy, leaving the strategies of other players 
unchanged. The relationship between 𝑃 𝜀 and {𝑃 𝜀

𝑖 }𝑖∈𝑁  is given by 
𝑃 𝜀(𝑠, ⋅) =

∑

𝑖∈𝑁
𝜋(𝑖)𝑃 𝜀

𝑖 (𝑠, ⋅). (3)

We consider regular behavioral rules (Young, 1993a), the class of rules that satisfy the following conditions. Let 𝑃 𝜀
𝑖  be continuous 

in 𝜀. If 𝑃 0
𝑖 (𝑠, 𝑠

′) = 0 and 𝑃 𝜀̂
𝑖 (𝑠, 𝑠

′) > 0 for some 𝜀̂ > 0, let {𝑃 𝜀
𝑖 (𝑠, 𝑠

′)}𝜀 satisfy 

𝑃 𝜀
𝑖 (𝑠, 𝑠

′) =
(

𝑎 + 𝑜(1)
)

𝜀𝑘 for some 𝑎 > 0, 𝑘 > 0, (4)

where 𝑎, 𝑘 may depend on 𝑠, 𝑠′, 𝑖, but not on 𝜀; and 𝑜(1) represents a term that vanishes as 𝜀 → 0.5 This class of rules includes popular 
rules such as the logit choice rule and best response with uniform deviations.6

Assume that the unperturbed process follows best response, 
𝑃 0
𝑖 (𝑠, (𝑠

′
𝑖 , 𝑠−𝑖)) > 0 ⟺ 𝑠′𝑖 ∈ 𝐵𝑖(𝑠), (5)

and that the perturbed process is non-deterministic, 
For all 𝜀 > 0, 𝑠 ∈ 𝑆, 𝑠′𝑖 ∈ 𝑆𝑖, 𝑃 𝜀

𝑖 (𝑠, (𝑠
′
𝑖 , 𝑠−𝑖)) < 1. (6)

We do not assume that 𝑃 𝜀 has a unique recurrent class.7 However, when it does, we let 𝜇𝜀 denote the unique invariant probability 
measure on the state space 𝑆. If there exists 𝜖 such that 𝑃 𝜀 has a unique recurrent class for 𝜀 ∈ (0, 𝜀̂), then standard arguments imply 
that the limit of 𝜇𝜀 as 𝜀 → 0 exists. For small 𝜀, the process will spend most of the time at states which have positive probability under 
this limiting measure. These are known as stochastically stable states (Foster and Young, 1990). 

𝑆𝑆 ∶=

{

{

𝑠 ∈ 𝑆 ∶ lim𝜀→0 𝜇𝜀(𝑠) > 0
}

, if there exists ̂𝜀 such that 𝑃 𝜀 has a unique
recurrent class for all 𝜀 ∈ (0, 𝜀̂),    

∅, otherwise.
(7)

2.3.  One-shot deviation property

Define the cost 𝑐(𝑠, 𝑠′) of a transition from 𝑠 to 𝑠′ as the exponential rate of decay of the probability of such a transition as 𝜀 → 0. 

𝑐(𝑠, 𝑠′) ∶=

⎧

⎪

⎨

⎪

⎩

lim𝜀→0
log𝑃 𝜀

𝑖 (𝑠,𝑠
′)

log 𝜀 if 𝑃 𝜀̂
𝑖 (𝑠, 𝑠

′) > 0 for some 𝑖 ∈ 𝑁, 𝜀̂ > 0,

∞ otherwise.
(8)

Cost functions measure the order of magnitude of transition probabilities for low values of 𝜀. Transitions with a high cost are less 
likely than transitions with a low cost. From (8), we see that if 𝑃 0

𝑖 (𝑠, 𝑠
′) > 0, then 𝑐(𝑠, 𝑠′) = 0. That is, transitions that can occur under 

the unperturbed process have zero cost. In contrast, if a transition is only possible for 𝜀 > 0, then 𝑐(𝑠, 𝑠′) = 𝑘, where 𝑘 is the 𝑘 from 
expression (4).

5 Note that, as our state space is finite, it is possible to uniformly bound 𝑎 and 𝑘 across all possible transitions. This fact is later used in our proofs.
6 For example, consider logit choice when 𝑆𝑖 = {𝑠𝑖, 𝑠′𝑖} and 𝑢𝑖(𝑠𝑖 , 𝑠 −𝑖) = 𝑢 > 𝑢′ = 𝑢𝑖(𝑠′𝑖 , 𝑠

 
−𝑖), 

𝑃 𝜀
𝑖

(

𝑠, (𝑠′𝑖 , 𝑠
 
−𝑖)

)

= 𝜀−𝑢𝑖
(

𝑠′𝑖 , 𝑠
 
−𝑖
)

𝜀−𝑢𝑖
(

𝑠𝑖 , 𝑠 −𝑖) + 𝜀−𝑢𝑖
(

𝑠′𝑖 , 𝑠
 
−𝑖
) =

(

1
⏟⏟⏟

𝑎=1

− 𝜀𝑢−𝑢′

1 + 𝜀𝑢−𝑢′
⏟⏞⏞⏟⏞⏞⏟

=𝑜(1)

)

𝜀𝑢−𝑢′
⏟⏟⏟
𝑘=𝑢−𝑢′

.

7 In the literature, irreducibility is often assumed, but a unique recurrent class will usually suffice, as the process is then effectively irreducible on 
the state space restricted to the recurrent class. In our case, a unique recurrent class arises ‘for free’ under the conditions of our theorems.
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Fig. 2. A three player coordination game, in which Player 3 chooses a matrix. This game has the one-shot deviation property for any regular best 
response rule.

Define the minimum cost of leaving strategy profile 𝑠 ∈ 𝑆 as 
𝑐(𝑠) ∶= min

𝑠′∈𝑆⧵{𝑠}
𝑐(𝑠, 𝑠′). (9)

Roughly speaking, 𝑐(𝑠) measures how unlikely is the most probable departure from strategy profile 𝑠. Denote the set of states most 
resilient to a single deviation by 

𝑂𝑆 ∶=
{

𝑠 ∈ 𝑆 ∶ 𝑐(𝑠) = max
𝑠′∈𝑆

𝑐(𝑠′)
}

. (10)

Our definitions imply that 𝑐(𝑠) > 0 if and only if 𝑠 ∈ 𝑁𝐸. Therefore, if 𝑁𝐸 ≠ ∅, it must be that 𝑂𝑆 ⊆ 𝑁𝐸. Importantly, 𝑂𝑆 is 
determined by the local properties of the dynamics at each state. This contrasts with 𝑆𝑆, which is a globally determined property. 
Thus, if the sets coincide, we simplify the problem of determining 𝑆𝑆.
Definition 1. Given 𝐺, {𝑃 𝜀}𝜀, the one-shot deviation property holds if 𝑆𝑆 = 𝑂𝑆.

It will be shown in Section 3 that the one-shot deviation property holds for almost all large games that have a Nash equilibrium, 
played under any behavioral rules that satisfy our assumptions. This will allow us to give simple characterizations of 𝑆𝑆 for the most 
popular behavioral rules in the literature.
Example 1  (Coordination game for which the one-shot deviation property holds). 

Consider the coordination game in Fig. 2. Best responses of players 1, 2, 3 are to play the same strategy as players 2, 3, 1 respectively. 
There are two pure Nash equilibria, 𝑁𝐸 = {(𝐴,𝐴,𝐴), (𝐵,𝐵, 𝐵)}.

After specifying a game 𝐺, it would be natural to specify dynamics {𝑃 𝜀}𝜀. In this example, we do not do this. Consequently, we 
cannot determine 𝑆𝑆 and 𝑂𝑆. We can, however, show that 𝑆𝑆 = 𝑂𝑆 for any {𝑃 𝜀}𝜀. That is, for this game, the one-shot deviation 
property holds for any process satisfying our model assumptions.

Observe that any deviation from either equilibrium can lead to the alternative equilibrium by best response alone, without further 
costly deviations. For example, 

(𝐴,𝐴,𝐴) ←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
deviation

(𝐵,𝐴,𝐴) ←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
best resp. (𝐵,𝐴,𝐵) ←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→

best resp. (𝐵,𝐵, 𝐵).

Consequently, the order of magnitude (in 𝜀) of the probability of a transition from (𝐴,𝐴,𝐴) to (𝐵,𝐵, 𝐵) equals the order of magnitude 
of the probability of the least cost deviation from (𝐴,𝐴,𝐴). The same is true for transitions from (𝐵,𝐵, 𝐵) to (𝐴,𝐴,𝐴). Consequently, 
for small 𝜀, the process will spend most of the time at the equilibrium most resilient to a single deviation. The one-shot deviation 
property holds for any behavioral rule satisfying our model assumptions. 

2.4.  Universal behavioral rules

It can be useful to define rules of behavior before a game is known. This could be as simple as specifying that logit choice be 
used in every possible game. In contrast, one might specify qualitative variation in behavioral rules depending on the game. For our 
purposes, we do not require any restrictions in this respect.
Definition 2. A universal behavioral rule  specifies, for every game 𝐺, a process (𝐺) = {𝑃 𝜀}𝜀 satisfying conditions (3) to (6). 

The next step is to consider distributions over games with given players and strategy sets. Let (𝑁,𝑆) be the set of all games with 
players 𝑁 and strategies 𝑆. Let Γ map every possible pair (𝑁,𝑆) to a probability measure Γ(𝑁,𝑆) on (𝑁,𝑆). That is, Γ(𝑁,𝑆) is a 
probability measure on {𝑢𝑖}𝑖∈𝑁 , 𝑢𝑖 ∶ 𝑆 → ℝ.

A natural set of Γ(𝑁,𝑆) to consider are those that, for a given player 𝑖, have no bias towards one strategy profile over another. 
That is, ex-ante, for any 𝑠, 𝑠′ ∈ 𝑆, the inequalities 𝑢𝑖(𝑠) > 𝑢𝑖(𝑠′) and 𝑢𝑖(𝑠′) > 𝑢𝑖(𝑠) are equally likely. Under such Γ(𝑁,𝑆), every strict 
ordering of payoffs that a player might have is equally likely.
Definition 3. Γ is unbiased if, for all (𝑁,𝑆), for all 𝑖 ∈ 𝑁 , Γ(𝑁,𝑆) is such that {𝑢𝑖(𝑠)}𝑠∈𝑆 are independent identically distributed 
continuous random variables.

Unbiasedness is not without loss of generality. In particular, it excludes the possibility of payoffs being correlated across players. 
The study of correlated payoffs is outside the scope of the current paper, but is a potentially interesting avenue for future work.
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3.  Main result

Our main result is that the one-shot deviation property holds for almost all games with a pure Nash equilibrium. Specifically, for 
all unbiased distributions over games, universal behavioral rules and size of strategy sets, the property holds asymptotically almost 
surely as the number of players becomes large.
Theorem 1. For all unbiased Γ, universal behavioral rules  , constants 𝛿 > 0, integers 𝑚 ≥ 2, there exists 𝑛̃ such that for all (𝑁,𝑆) satisfying 
|𝑁| ≥ 𝑛̃, max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, the probability that the one-shot deviation property holds conditional on the game having a pure Nash equilibrium 
is greater than 1 − 𝛿.

Hence, for unbiased Γ, 𝑆𝑆 = 𝑂𝑆 for almost all games with a pure Nash equilibrium. For given behavioral rules, this allows us to 
give simple characterizations of 𝑆𝑆 in terms of social choice functions. In Section 4, we do this for some popular behavioral rules. 
Before that, we make some remarks on Theorem 1.
Remark 1. As |𝑁| becomes large, it follows from Rinott and Scarsini (2000, Proposition 2.4 dealing with uncorrelated payoffs) 
that Γ(𝑁,𝑆) places limiting probability 1 − 𝑒−1 ≈ 0.63 on existence of at least one pure Nash equilibrium.8 That is, Theorem 1 gives 
equilibrium selection 𝑆𝑆 = 𝑂𝑆 ⊆ 𝑁𝐸 in approximately 63% of games. 
Remark 2. The proof of Theorem 1 has the following intuition. Starting from 𝑠 ∈ 𝑁𝐸, we use Theorem 1 of Johnston et al. (2025) 
to show that best response paths exist from profiles close to 𝑠 to target profile 𝑠′ ∈ 𝑁𝐸. Given this, the aggregate cost of a transition 
from 𝑠 to 𝑠′ is given by 𝑐(𝑠). We then show that the Freidlin and Wentzell (1984) tree characterization of 𝑆𝑆 reduces to considering 
such transitions and that minimal cost trees are rooted at 𝑠 that maximize 𝑐(𝑠), giving 𝑆𝑆 = 𝑂𝑆.

Remark 3.  Cost 𝑐(𝑠) is a local property of 𝑠. The set 𝑂𝑆 is determined by 𝑐(𝑠), 𝑠 ∈ 𝑆. That is, 𝑂𝑆 is determined by a local property of 
each strategy profile. This contrasts with 𝑆𝑆, which is determined by the tree characterization, a global property. When the one-shot 
deviation property holds, the two coincide. 
Remark 4.  Existence of the best response paths in Remark 2 implies that the set of recurrent classes of the unperturbed process 
𝑃 0 equals 𝑁𝐸. Furthermore, considering 𝑂𝑆 ≠ 𝑁𝐸 and defining the cost of a path of transitions to be the sum of costs along that 
path, (i) the least cost path from 𝑠 ∈ 𝑂𝑆 to any state in 𝑁𝐸 ⧵ 𝑂𝑆 has cost max𝑠∈𝑆 𝑐(𝑠); (ii) the highest cost (across 𝑠 ∈ 𝑁𝐸 ⧵ 𝑂𝑆) 
least cost path to any state in 𝑂𝑆 has cost max𝑠∈𝑆⧵𝑂𝑆 𝑐(𝑠). The cost in (i) is greater than the cost in (ii). In the terminology of Ellison 
(2000), the radius of 𝑂𝑆 is greater than the coradius of 𝑂𝑆. This is the sufficient condition for 𝑆𝑆 ⊆ 𝑂𝑆 from Theorem 1 of Ellison 
(2000). That is, our Theorem 1 implies that Theorem 1 of Ellison (2000) applies to almost all games. To understand why, consider 
that one-shot methods are simpler but less general than radius-coradius methods, which are in turn simpler but less general than the 
tree characterization. Thus, when one-shot methods asymptotically approach full generality, radius-coradius methods do too. 
Remark 5. Newton and Sawa (2015) show that a one-shot deviation property holds in matching problems. In their model, it is 
possible to move via pairwise better-response from states close to stable matching 𝑚 to some stable matching 𝑚̃ that is closer to a 
target stable matching 𝑚′. Using this, they exploit the structure of stable matchings to prove 𝑆𝑆 ⊆ 𝑂𝑆. The current paper deals with 
normal form games and gives asymptotic results. Notably, intermediate equilibria turn out to be unnecessary in our constructions 
(see Remark 2), so we have the stronger result 𝑆𝑆 = 𝑂𝑆.

4.  Stability under different best response rules

In this section, we characterize stochastic stability in large games with randomly drawn payoffs under different behavioral rules. 
Throughout, the assumption that games are drawn from an unbiased Γ is maintained.

4.1.  Uniform deviations

A player 𝑖 who follows best response with uniform deviations (Kandori et al., 1993; Young, 1993a) chooses a best response with 
probability 1 − 𝜀 and chooses a strategy at random with probability 𝜀. 

𝑃 𝜀
𝑖
(

𝑠, (𝑠′𝑖 , 𝑠
 
−𝑖)

)

=

⎧

⎪

⎨

⎪

⎩

1−𝜀
|𝐵𝑖(𝑠)|

+ 𝜀
|𝑆𝑖|

if 𝑠′𝑖 ∈ 𝐵𝑖(𝑠),
𝜀

|𝑆𝑖|
otherwise.

The cost function is such that, for all 𝑠, 𝑠′ = (𝑠′𝑖 , 𝑠−𝑖), 𝑖 ∈ 𝑁 , 

𝑐(𝑠, 𝑠′) =

{

0, if 𝑠′𝑖 ∈ 𝐵𝑖(𝑠),
1, otherwise.

(11)

It follows that, from any 𝑠 ∈ 𝑁𝐸, the cost 𝑐(𝑠, 𝑠′) of a deviation to 𝑠′ = (𝑠′𝑖 , 𝑠
 
−𝑖), 𝑠′𝑖 ∉ 𝐵𝑖(𝑠), 𝑖 ∈ 𝑁 , is equal to one. That is, for all 

𝑠 ∈ 𝑁𝐸, the least cost deviation 𝑐(𝑠) = 1. For any 𝑠 ∉ 𝑁𝐸, we have 𝑐(𝑠) = 0, as there exists a zero cost best response to some profile 
other than 𝑠. Therefore, 𝑠 is in 𝑂𝑆 if and only if it is in 𝑁𝐸.

8 This limiting probability was previously established by Arratia et al. (1989).
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Proposition 1. Under uniform deviations, if 𝑁𝐸 ≠ ∅, then 𝑂𝑆 = 𝑁𝐸.

Together with Theorem 1, Proposition 1 implies that, under the universal behavioral rule that plays best response with uniform 
deviations in every game, for almost all large games that have a pure Nash equilibrium, the set of stochastically stable strategy 
profiles equals the set of pure Nash equilibria. That is, for most large games, uniform deviations have no power to select between 
Nash equilibria.
Remark 6.  Extending the comparison with the matching literature (see Remark 5), Proposition 1 together with Theorem 1 is 
analogous to the result of Jackson and Watts (2002b, Theorem 2) that 𝑆𝑆 equals the set of all stable matchings. 

4.2.  Payoff-difference based deviations

A player 𝑖 follows the logit rule (Blume, 1993; Alós-Ferrer and Netzer, 2010) if the difference in log probabilities of choosing any 
two strategies is linear in their utilities. Writing 𝜂 = −(log 𝜀)−1, 

𝑃 𝜀
𝑖
(

𝑠, (𝑠′𝑖 , 𝑠
 
−𝑖)

)

= 𝑒
1
𝜂 𝑢𝑖

(

𝑠′𝑖 , 𝑠
 
−𝑖
)

∑

𝑠′′𝑖 ∈𝑆𝑖
𝑒
1
𝜂 𝑢𝑖

(

𝑠′′𝑖 , 𝑠 −𝑖
)

.

The cost function is such that, for all 𝑠, 𝑠′ = (𝑠′𝑖 , 𝑠−𝑖), 𝑖 ∈ 𝑁 , 

𝑐(𝑠, 𝑠′) = max
{

0, max
𝑠̃𝑖∈𝑆𝑖

𝑢𝑖(𝑠̃𝑖, 𝑠−𝑖) − 𝑢𝑖(𝑠′)
}

. (12)

Logit is a special case of the class of (strictly) payoff-difference based rules9 that satisfy, for all 𝑠, 𝑠′ = (𝑠′𝑖 , 𝑠−𝑖), 𝑖 ∈ 𝑁 , 

𝑐(𝑠, 𝑠′) =

⎧

⎪

⎨

⎪

⎩

0, if 𝑠′𝑖 ∈ 𝐵𝑖(𝑠),

𝑓
(

max
𝑠̃𝑖∈𝑆𝑖

𝑢𝑖(𝑠̃𝑖, 𝑠−𝑖) − 𝑢𝑖(𝑠′)
)

, otherwise.
(13)

for strictly increasing function 𝑓 ∶ ℝ++ → ℝ++. Logit is the special case 𝑓 (𝑥) = 𝑥.
Again, for any 𝑠 ∉ 𝑁𝐸, we have 𝑐(𝑠) = 0, as there exists a zero cost best response to some profile other than 𝑠. For 𝑠∗ ∈ 𝑁𝐸,

𝑐(𝑠∗) = min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

max
𝑠̃𝑖∈𝑆𝑖

𝑢𝑖(𝑠̃𝑖, 𝑠∗−𝑖)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=𝑢𝑖(𝑠∗) as 𝑠∈𝑁𝐸

−𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

(14)

= min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

. (15)

Substituting into 𝑂𝑆 = argmax𝑠∈𝑆 𝑐(𝑠) = argmax𝑠∗∈𝑁𝐸 𝑐(𝑠∗) and using the fact that 𝑓 is strictly increasing, we obtain the following 
proposition.

Proposition 2. Under payoff-difference based deviations, if 𝑁𝐸 ≠ ∅, then 
𝑂𝑆 = arg max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖). (16)

To better understand this result, we consider approximate-equilibria.10 The set of 𝜌-best responses by player 𝑖 to strategy profile 𝑠
is 

𝐵𝜌
𝑖 (𝑠) ∶=

{

𝑠̃𝑖 ∈ 𝑆𝑖 ∶ 𝑢𝑖(𝑠̃𝑖, 𝑠−𝑖) ≥ max
𝑠′𝑖∈𝑆𝑖⧵𝑠̃𝑖

𝑢𝑖(𝑠′𝑖 , 𝑠−𝑖) − 𝜌

}

, (17)

It is standard to have 𝜌 ≥ 0, in which case 𝐵𝜌
𝑖 (𝑠) is nonempty. However, for our purposes, we allow the possibility of 𝜌 < 0, in which 

case 𝐵𝜌
𝑖 (𝑠) may be empty.

Define the set of 𝜌-𝑁𝐸 of 𝐺 as 
𝜌-𝑁𝐸 ∶=

{

𝑠 ∈ 𝑆 ∶ ∀𝑖 ∈ 𝑁, 𝑠𝑖 ∈ 𝐵𝜌
𝑖 (𝑠)

}

, (18)

Taking inspiration from the least-core of Maschler et al. (1979), which is defined using the approximate-core, we define the 
least-𝑁𝐸 of 𝐺 as 

least-𝑁𝐸 ∶=
⋂

𝜌∈ℝ
𝜌-𝑁𝐸≠∅

𝜌-𝑁𝐸. (19)

9 These behavioral rules roughly correspond to skew-symmetric rules (Blume, 2003), payoff-based rules (Peski, 2010), and self-regarding payoff-
difference-based rules (Newton, 2021).
10 These are sometimes referred to as epsilon-equilibria in the literature, but as we use 𝜀 for our perturbation parameter, we use 𝜌 instead.
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The definitions of 𝜌-𝑁𝐸 and 𝐵𝜌
𝑖 (⋅) imply that 𝜌-𝑁𝐸 is nonempty for large enough 𝜌. Furthermore, if 𝜌′ < 𝜌′′ then 𝜌′-𝑁𝐸 ⊆ 𝜌′′-𝑁𝐸. 

Taken together, these two facts imply that least-𝑁𝐸 is nonempty.
Note that least-𝑁𝐸 is nonempty even if 𝑁𝐸 is empty. That is, if 𝑁𝐸 = ∅, then least-𝑁𝐸 is a relaxation of 𝑁𝐸. In contrast, if 

𝑁𝐸 ≠ ∅, then the definitions of 𝜌-𝑁𝐸 and 𝑁𝐸 imply ∅ ≠ 𝜌-𝑁𝐸 ⊆ 𝑁𝐸 ⊆ 0-𝑁𝐸 for some 𝜌 < 0, therefore least-𝑁𝐸 ⊆ 𝑁𝐸. That is, if 
𝑁𝐸 is nonempty, then least-𝑁𝐸 is a refinement of 𝑁𝐸.

We can now restate Proposition 2.
Proposition 3. Under payoff-difference based deviations, if 𝑁𝐸 ≠ ∅, then 

𝑂𝑆 = least-𝑁𝐸. (20)

Together with Theorem 1, Proposition 3 implies that, under a universal behavioral rule that plays the same payoff-difference based 
rule in every game, for almost all large games that have a pure Nash equilibrium, the set of stochastically stable strategy profiles is 
the set of least-Nash equilibria.
Remark 7.  Extending the comparison with the matching literature (see Remark 5), Proposition 3 is analogous to the result of Newton 
and Sawa (2015, Proposition 4.3) that 𝑂𝑆 equals the least-core. However, Theorem 1 of the current paper implies 𝑆𝑆 = 𝑂𝑆, whereas 
Theorem 3.4 of the cited paper has 𝑆𝑆 ⊆ 𝑂𝑆. 

4.3.  Condition dependent deviations

In this section, non-best response behavior is more likely when a player is currently experiencing low payoffs. An interpretation is 
that players who earn high payoffs are less inclined to experimentally change their behavior in search of higher payoffs. Deviations 
are condition dependent (Bilancini and Boncinelli, 2020) if, for all 𝑠, 𝑠′ = (𝑠′𝑖 , 𝑠−𝑖), 𝑖 ∈ 𝑁 , 

𝑐(𝑠, 𝑠′) =

{

0, if 𝑠′𝑖 ∈ 𝐵𝑖(𝑠),
𝑔
(

𝑢𝑖(𝑠)
)

, otherwise.
(21)

for strictly increasing function 𝑔 ∶ ℝ → ℝ++.
Again, for any 𝑠 ∉ 𝑁𝐸, we have 𝑐(𝑠) = 0, as there exists a zero cost best response to some profile other than 𝑠. For 𝑠∗ ∈ 𝑁𝐸, 

𝑐(𝑠∗) = min
𝑖∈𝑁

𝑔(𝑢𝑖(𝑠∗)). (22)

Define the set of Rawlsian-𝑁𝐸, the strict Nash equilibria that maximize the payoff of the least well off player. 
Rawlsian-𝑁𝐸 ∶= arg max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁

𝑢𝑖(𝑠∗). (23)

Substituting (22) into 𝑂𝑆 = argmax𝑠∈𝑆 𝑐(𝑠) = argmax𝑠∗∈𝑁𝐸 𝑐(𝑠∗) and using the fact that 𝑔 is strictly increasing, we obtain the following 
proposition.

Proposition 4. Under condition dependent deviations, if 𝑁𝐸 ≠ ∅, then 
𝑂𝑆 = Rawlsian-𝑁𝐸. (24)

Together with Theorem 1, Proposition 4 implies that, under a universal behavioral rule that plays the same condition dependent 
rule in every game, for almost all large games that have a pure Nash equilibrium, the set of stochastically stable strategy profiles is 
the set of Rawlsian-Nash equilibria.
Remark 8.  Extending the comparison with the matching literature (see Remark 5), Bilancini et al. (2020) show that 𝑆𝑆 ⊆
𝑂𝑆 ⊆ Rawlsian Stable Matchings. In contrast, Proposition 4 and Theorem 1 of the current paper imply the equality 𝑆𝑆 = 𝑂𝑆 =
Rawlsian-𝑁𝐸. The cited paper also shows that if a behavioral rule is not condition dependent, then we can find payoffs that give 
𝑆𝑆 ⊈ Rawlsian Stable Matchings. In the current setting, we can find such payoffs even for condition dependent rules, but the probability 
of such payoffs disappears asymptotically. 

5.  Discussion

5.1.  Speed of convergence

Since the early days of the evolution of conventions literature in economics, there has been interest in the time required to reach 
𝑆𝑆 from states outside of 𝑆𝑆.11 Here, we show that for almost all large games, expected convergence time to 𝑆𝑆 is of the same order 
of magnitude as the waiting time to exit the states in 𝑆 ⧵ 𝑂𝑆 that are most resilient to a single deviation.

Denote the highest cost least cost deviation from a strategy outside of 𝑂𝑆 by 
𝑐 ∶= max

𝑠∈𝑆⧵𝑂𝑆
𝑐(𝑠). (25)

Under the same conditions and probabilities as Theorem 1, the expected waiting time to enter 𝑂𝑆 will be of order of magnitude 
𝜀−𝑐 .

11 See, for example, Ellison (2000, 1993), Arieli and Young (2016), Kreindler and Young (2013, 2014), Arieli et al. (2020), Newton and Angus 
(2015).
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Theorem 2. For all unbiased Γ, universal behavioral rules  , constants 𝛿 > 0, integers 𝑚 ≥ 2, there exists 𝑛̃ such that for all (𝑁,𝑆) satisfying 
|𝑁| = 𝑛 ≥ 𝑛̃, max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, the probability, conditional on the game having a pure Nash equilibrium, that

• There exists 𝜅(𝑛), 𝜀̂ such that for all 𝜀 < 𝜀̂, starting from any strategy profile, the expected waiting time for the process to enter 𝑂𝑆 is less 
than 𝜅(𝑛) 𝜀−𝑐 ,

is greater than 1 − 𝛿.

Observe that for dynamics such as the ones discussed in Section 4, 𝑐 will not increase unboundedly in the number of players.12 
This does not imply that waiting time is also bounded, as 𝜅(𝑛) may increase in 𝑛 = |𝑁|. Instead, it suggests that factors specific to 
stochastic stability (as opposed to best response dynamics alone) will not lead to exponential increase in convergence times.

5.2.  Medium term behavior and the invariant measure

Aside from 𝑁𝐸 and 𝑆𝑆, we can ask what are the likely trajectories that the process will follow across 𝑁𝐸. This information can 
be used to decompose the process and determine further information about the invariant measure.13

Define 𝑟(𝑠) such that the invariant measure on 𝑠 ∈ 𝑆, 𝜇𝜀(𝑠), is of order 𝜀𝑟(𝑠), 

𝑟(𝑠) ∶= lim
𝜀→0

log𝜇𝜀(𝑠)
log 𝜀

. (26)

We deduce a simple expression for 𝑟(⋅) that applies to most large games.
Let 𝑃𝑁𝐸 be the Markov process on state space 𝑁𝐸 such that 𝑃𝑁𝐸 (𝑠, 𝑠′), 𝑠, 𝑠′ ∈ 𝑁𝐸, is the probability under 𝑃  that, from profile 𝑠

at 𝑡 = 0, the first strategy profile reached in the set 𝑁𝐸 at time 𝑡 > 0 is 𝑠′. Define an accompanying cost function 𝑐𝑁𝐸 (⋅, ⋅) and let 𝜎(⋅)
be the least cost correspondence, 

𝜎(𝑠) ∶= arg min
𝑠′∈𝑁𝐸⧵𝑠

𝑐𝑁𝐸 (𝑠, 𝑠′). (27)

A cycle is a subset Γ ⊆ 𝑁𝐸 such that Γ =
⋃𝑚̄

𝑚=0{𝑠
𝑚} for some sequence 𝑠0,… , 𝑠𝑚̄ satisfying 𝑠1 ∈ 𝜎(𝑠0), 𝑠2 ∈ 𝜎(𝑠1),… , 𝑠0 ∈ 𝜎(𝑠𝑚̄). A 

cycle Γ is closed if it is closed under 𝜎 in that 𝜎(Γ) ⊆ Γ. From states within a closed cycle, transitions within the cycle happen with 
higher probability than transitions to states outside of the cycle. Thus, cycles can be considered to model behavior in the medium 
term, in contrast to the short term (the unperturbed process) and the long term (stochastic stability).

Under the conditions of Theorem 1, with high probability there exists only one closed cycle and it comprises all profiles in 𝑁𝐸, 
including those in 𝑂𝑆 = 𝑆𝑆 (see proof of Theorem 3). That is, from any starting point, 𝑃𝑁𝐸 is as likely to reach 𝑂𝑆 (long term 
stability under the one-shot deviation property) as it is to move around a subset of 𝑁𝐸 that doesn’t include 𝑂𝑆 (possible medium 
term dynamics). Another way of putting this is that the medium term and the long term operate on the same timescale.

An implication of Γ = 𝑁𝐸 being a cycle under 𝑃𝑁𝐸 is that, for 𝑠 ∈ 𝑁𝐸, the function 𝑟(⋅) that gives the order of magnitudes of our 
invariant probabilities under 𝑃  has a particularly simple expression.
Theorem 3. For all unbiased Γ, universal behavioral rules  , constants 𝛿 > 0, integers 𝑚 ≥ 2, there exists 𝑛̃ such that for all (𝑁,𝑆) satisfying 
|𝑁| ≥ 𝑛̃, max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, the probability, conditional on the game having a pure Nash equilibrium, that

• For all 𝑠 ∈ 𝑁𝐸, we have 𝑟(𝑠) = max𝑠∗∈𝑁𝐸 𝑐(𝑠∗) − 𝑐(𝑠),

is greater than 1 − 𝛿.

5.3.  Robust stochastic stability

Under the processes we have considered, a single player updates his strategy each period. This assumption aids clarity of exposition, 
but is not necessary to our results. Recall our assumption that, each period, player 𝑖 is selected to update with probability 𝜋(𝑖) > 0. As 
long as 𝜋 has full support on 𝑁 , the cost function 𝑐(⋅, ⋅) and the results of the paper are independent of the exact probabilities given 
by 𝜋.

Consider the following alternative. Each period, a set of players 𝐽 ⊆ 𝑁 is selected with probability 𝜋(𝐽 ) to update their strategies. 
That is, 𝜋 is a probability measure on subsets of 𝑁 . Assume that 𝜋({𝑖}) > 0 for all 𝑖 ∈ 𝑁 , so there is still positive probability that 
player 𝑖 is the only updating player. Let Π be the set of all such distributions. Players in 𝐽 update their strategies independently of 
one another. 

For 𝑠, 𝑠′, 𝐽 =
{

𝑖 ∈ 𝑁 ∶ 𝑠𝑖 ≠ 𝑠′𝑖
}

, 𝑃 𝜀(𝑠, 𝑠′) = 𝜋(𝐽 )
∏

𝑖∈𝐽
𝑃 𝜀
𝑖 (𝑠, (𝑠

′
𝑖 , 𝑠−𝑖)), (28)

12 Of course, we could specify a universal behavioral rule that explicitly specifies probabilities dependent on |𝑁| so as to give, for example, 
𝑐(𝑠) ≈ 𝑒|𝑁| for 𝑠 ∈ 𝑁𝐸, but this would be unusual.
13 These methods, based on Freidlin and Wentzell (1984), have recently elicited interest within economics (Cui and Zhai, 2010; Levine and Modica, 
2016; Newton and Sandholm, 2022).
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which gives the cost function 
𝑐𝜋 (𝑠, 𝑠′) =

∑

𝑖∈𝐽
𝑐(𝑠, (𝑠′𝑖 , 𝑠−𝑖)), (29)

Consequently, stochastic stability can depend on 𝜋. For 𝜋 ∈ Π, let 𝑆𝑆𝜋 denote the set of stochastically stable states. A profile 𝑠 is 
robustly stochastically stable (Alós-Ferrer and Netzer, 2015) if it is stochastically stable under all 𝜋. 

robust-𝑆𝑆 =
{

𝑠 ∈ 𝑆 ∶ for all 𝜋 ∈ Π, 𝑠 ∈ 𝑆𝑆𝜋}. (30)

The probabilities of transition paths used in the proof of Theorem 1 depend on 𝑐(𝑠) for 𝑠 ∈ 𝑁𝐸. It follows from (29) that lower 
cost transitions cannot be found. 

𝑐𝜋 (𝑠) =
by
defn

min
𝑠′∈𝑆⧵𝑠

𝑐𝜋 (𝑠, 𝑠′) =
by
(29)

min
𝑠′=(𝑠′𝑖 ,𝑠−𝑖)
s.t. 𝑖∈𝑁

𝑐𝜋 (𝑠, 𝑠′) =
by
(29)

min
𝑠′=(𝑠′𝑖 ,𝑠−𝑖)
s.t. 𝑖∈𝑁

𝑐(𝑠, 𝑠′) =
by
defn

𝑐(𝑠). (31)

As a consequence, the most likely transition paths between profiles in 𝑁𝐸 are unaffected by 𝜋 and we have the following proposition.14

Proposition 5. Theorem 1 continues to hold if we replace 𝑆𝑆 with robust-𝑆𝑆 in the definition of the one-shot deviation property.

5.4.  Weakly regular rules and probit choice

Instead of regular behavioral rules, consider weakly regular behavioral rules, under which, rather than satisfy (4), {𝑃 𝜀
𝑖 (𝑠, 𝑠

′)}𝜀
satisfy 

𝑃 𝜀
𝑖 (𝑠, 𝑠

′) = 𝜀𝑘+𝑜(1) for some 𝑘 > 0, (32)

where 𝑘 may depend on 𝑠, 𝑠′, 𝑖, but not on 𝜀; and 𝑜(1) represents a term that vanishes as 𝜀 → 0. The tree characterization of 𝑆𝑆 under 
regular rules (Young, 1993a; Kandori et al., 1993) characterizes a weak version of stochastic stability under weakly regular rules 
(Sandholm, 2010),15

weak-𝑆𝑆 ∶=

⎧

⎪

⎨

⎪

⎩

{

𝑠 ∈ 𝑆 ∶ lim𝜀→0
log𝜇𝜀(𝑠)
log 𝜀 = 0

}

, if there exists ̂𝜀 such that 𝑃 𝜀 has a unique
recurrent class for all 𝜀 ∈ (0, 𝜀̂),    

∅, otherwise.
(33)

It follows that, if we define a weak one-shot deviation property by substituting weak-𝑆𝑆 for 𝑆𝑆 in Definition 1, then a version 
of Theorem 1 will hold for this weak one-shot deviation property under weakly regular rules. The proof will be identical to that of 
Theorem 1 except that weak-𝑆𝑆 will replace 𝑆𝑆.

An example of a weakly regular but not regular rule is multinomial probit (Myatt and Wallace, 2003; Dokumaci and Sandholm, 
2011), 

𝑃 𝜀
𝑖
(

𝑠, (𝑠′𝑖 , 𝑠
 
−𝑖)

)

= ℙ

(

⋂

𝑠̃𝑖∈𝑆𝑖

{

𝑢𝑖(𝑠′𝑖 , 𝑠−𝑖) +𝑍𝜀
𝑠′𝑖
≥ 𝑢𝑖(𝑠̃𝑖, 𝑠−𝑖) +𝑍𝜀

𝑠̃𝑖

}

)

,

where, for all 𝑠𝑖 ∈ 𝑆𝑖, random variable 𝑍𝜀
𝑠𝑖
 is normal with mean 0 and variance 𝜎2∕(− log 𝜀). Writing 𝑚 = − log 𝜀, we can regard 𝑍𝜀

𝑠𝑖
 as an 

average of 𝑚 signals, each normal with mean 0 and variance 𝜎2. Thus 𝜀 → 0 corresponds to 𝑚 → ∞, with more signals associated with 
lower uncertainty about payoffs.

The cost function 𝑐(⋅, ⋅) for multinomial probit is rather complicated (see Appendix A.5). Qualitatively, Dokumaci and Sandholm 
(2011) write

…the multinomial probit model introduces a novel feature: the rate of decay in the probability of choosing a suboptimal strategy 
is neither independent of payoffs […], nor dependent only on the gap between its payoff and the optimal strategy’s payoff […], 
but can depend on the gaps between its payoff and those of all better performing strategies.

Consider 𝑠 ∈ 𝑁𝐸. The least cost deviation for player 𝑖 is to whichever 𝑠′𝑖 gives the second highest payoff. The only better performing 
strategy is 𝑠𝑖, the equilibrium strategy itself. Therefore, when the (weak) one-shot deviation property holds, (weak) stochastic stability 
is determined by payoff-differences. The additional complexity introduced by multinomial choice disappears when we consider one-
shot deviation.
Proposition 6. Under multinomial probit, if 𝑁𝐸 ≠ ∅, then 

𝑂𝑆 = least-𝑁𝐸 (34)

14 Interestingly, if we were to require that players update in a deterministic order, as in the clockwork sequence of Heinrich et al. (2023), then 
certain transition paths would be ruled out and our result would no longer hold. However, even in this case, our result can be recovered by adding 
an arbitrary inertia probability 𝛼 ∈ (0, 1) with which any updating player maintains his current strategy.
15 By definition, weak-𝑆𝑆 ⊇ 𝑆𝑆. For regular behavioral rules, weak-𝑆𝑆 = 𝑆𝑆.
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5.5.  Payoff distributions with atoms

So far, we have considered generic payoff distributions in which there are no atoms. In this section, we discuss non-generic payoff 
distributions and the effect of atoms on the analysis. This can be thought of as a first step towards extending our analysis beyond 
unbiased, continuous Γ. To consider atoms in a concise way, we flatten some range of possible payoffs to create an atom. Specifically, 
map realized payoffs as follows, 

𝑢̃𝑖(𝑠) ∶=

⎧

⎪

⎨

⎪

⎩

𝑢𝑖(𝑠) if 𝑢𝑖(𝑠) < 0,
0 if 𝑢𝑖(𝑠) ∈ [0, 𝑢̄],
𝑢𝑖(𝑠) − 𝑢̄ if 𝑢𝑖(𝑠) > 𝑢̄,

(35)

where 𝑢̄ > 0 determines the range of payoffs flattened to create an atom. To ensure flattened payoff distributions include atoms, 
assume a continuous distribution 𝐹  with a support that includes zero in its interior, such that for all (𝑁,𝑆), Γ(𝑁,𝑆) is such that 
{𝑢𝑖(𝑠)}𝑖∈𝑁,𝑠∈𝑆 are independent draws from 𝐹 .

We shall use subscripts to indicate concepts taken under each set of payoffs. For example, 𝑁𝐸𝑢 and 𝐵𝑖,𝑢(⋅) are the strict Nash 
equilibria and best responses under payoffs 𝑢 = {𝑢𝑖(𝑠)}𝑖∈𝑁,𝑠∈𝑆 , whereas 𝑁𝐸𝑢̃ and 𝐵𝑖,𝑢̃(⋅) are the equivalent objects under payoffs 
𝑢̃ = {𝑢̃𝑖(𝑠)}𝑖∈𝑁,𝑠∈𝑆 . Observe that the flattening of payoffs in (35) weakly increases the set of best responses from any given strategy 
profile.

Remark 9. For all 𝑖 ∈ 𝑁 , 𝑠 ∈ 𝑆, we have 𝐵𝑖,𝑢(𝑠) ⊆ 𝐵𝑖,𝑢̃(𝑠).

To simplify exposition, assume that |𝑆𝑖| = 𝑚 for all 𝑖 ∈ 𝑁 . It turns out that with atoms, there are asymptotically almost surely 
no strict Nash equilibria. The number of strategy profiles grows at rate 𝑚|𝑁|, whereas the ex-ante probability of any given profile 
being a strict Nash equilibrium decreases faster than 𝑚−|𝑁|. Thus, the expected number of strict Nash equilibria approaches zero as 
|𝑁| → ∞.16

Proposition 7. Fixing 𝑚 ≥ 2, we have 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ = ∅] → 1 as |𝑁| → ∞.

However, despite the set of strict Nash equilibria 𝑁𝐸𝑢̃ being generically empty under 𝑢̃, it transpires that we can still prove an 
analogy of our main result conditional on 𝑁𝐸𝑢̃ ≠ ∅. The proof of Theorem 1 (see Remark 2) relies on paths of best responses from 
𝑠′ ∉ 𝑁𝐸𝑢 to 𝑠∗ ∈ 𝑁𝐸𝑢 under payoffs 𝑢. Remark 9 implies that such a path is also a path of best responses under payoffs 𝑢̃. By showing 
that, for small enough 𝑢̄, the probability of such paths not existing vanishes faster than 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅], we extend our main 
result to games with atoms.17 ,18

Theorem 4. For all unbiased Γ, all universal behavioral rules  , constants 𝛿 > 0, integers 𝑚 ≥ 2, there exist 𝑛̃ and 𝑈̄ > 0 such that for all 
(𝑁,𝑆) satisfying |𝑁| ≥ 𝑛̃, |𝑆𝑖| = 𝑚 for all 𝑖 ∈ 𝑁 , ̄𝑢 ≤ 𝑈̄ , the probability that, under payoffs ̃𝑢, the one-shot deviation property holds conditional 
on 𝑁𝐸𝑢̃ ≠ ∅ is greater than 1 − 𝛿.

Flattened best responses also allow us to comment on the generic situation in which 𝑁𝐸𝑢 ≠ ∅ but 𝑁𝐸𝑢̃ = ∅ in accordance with 
Proposition 7. 𝑁𝐸𝑢̃ = ∅ implies 𝑐𝑢̃(𝑠) = 0 for all 𝑠 ∈ 𝑆, so 𝑂𝑆𝑢̃ = 𝑆. That is, 𝑂𝑆𝑢̃ has no selective power.

Consider 𝑠∗, 𝑠∗∗ ∈ 𝑁𝐸𝑢. As 𝑠∗∗ is a strict Nash equilibrium under 𝑢, Remark 9 implies that it is a Nash equilibrium under ̃𝑢. However, 
as 𝑁𝐸𝑢̃ = ∅, we have 𝑠∗∗ ∉ 𝑁𝐸𝑢̃. That is, 𝑠∗∗ is a Nash equilibrium, but not a strict Nash equilibrium under 𝑢̃. As 𝑠∗∗ ∉ 𝑁𝐸𝑢̃, there 
exist 𝑖 ∈ 𝑁 , 𝑠′𝑖 ∈ 𝑆𝑖, 𝑠′𝑖 ≠ 𝑠∗∗𝑖  such that 𝑠′𝑖 ∈ 𝐵𝑖,𝑢̃(𝑠∗∗).

Now note that as 𝑠∗∗ ∈ 𝑁𝐸𝑢, 𝑠′𝑖 ≠ 𝑠∗∗𝑖  implies that 𝑠′𝑖 ∉ 𝐵𝑖,𝑢(𝑠∗∗) = 𝐵𝑖,𝑢(𝑠′). Therefore, 𝑠′ ∉ 𝑁𝐸𝑢. Thus, in large games there is almost 
always a path of best responses 𝑠′,… , 𝑠∗ under both 𝑢 and 𝑢̃. Combining, we have a path of best responses 𝑠∗∗, 𝑠′,… , 𝑠∗ under 𝑢̃. In 
summary, from any 𝑠 ∈ 𝑆, there exists a path of best responses to 𝑠∗ under 𝑢̃.

Therefore, the unperturbed process 𝑃 0 for payoffs 𝑢̃ has a unique recurrent class of which 𝑁𝐸𝑢 is a strict subset. Every state in 
this recurrent class is stochastically stable for all families of perturbed best response dynamics 𝑃 = {𝑃 𝜀}𝜀.

This concludes the main body of the paper.
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Appendix A.  Proofs

A.1.  Additional definitions

Definition 4. An ordinal game 𝐻 = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {⪰𝑖}𝑖∈𝑁 ) consists of a finite set of players 𝑁 = {1,… , 𝑛}, and for each player 𝑖, a 
finite set of strategies 𝑆𝑖 = {1,… , |𝑆𝑖|} and a total order ⪰𝑖 on 𝑆, where 𝑆 = ×𝑖∈𝑁𝑆𝑖. Let ≻𝑖 denote the asymmetric part of ⪰𝑖. Let 
(𝑁,𝑆) be the (finite) set of all ordinal games with player set 𝑁 and strategies 𝑆.
Definition 5.  The ordinal game associated with game 𝐺 = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {𝑢𝑖}𝑖∈𝑁 ) is the unique ordinal game 𝐻(𝐺) = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {⪰𝑖
}𝑖∈𝑁 ) such that 𝑠 ⪰𝑖 𝑠′ if and only if 𝑢𝑖(𝑠) ≥ 𝑢𝑖(𝑠′). 
Definition 6.  The ordinal game 𝐻 = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {⪰𝑖}𝑖∈𝑁 ) is generic if, for all 𝑖 ∈ 𝑁 , (𝑠𝑖, 𝑠−𝑖), (𝑠′𝑖 , 𝑠−𝑖) ∈ 𝑆, either (𝑠𝑖, 𝑠−𝑖) ≻𝑖 (𝑠′𝑖 , 𝑠−𝑖)
or (𝑠′𝑖 , 𝑠−𝑖) ≻𝑖 (𝑠𝑖, 𝑠−𝑖). Let (𝑁,𝑆) be the set of all generic ordinal games with player set 𝑁 and strategies 𝑆. 
Definition 7.  For given 𝐻 , 𝑠𝑖 is a best response to 𝑠−𝑖 if (𝑠𝑖, 𝑠−𝑖) ⪰𝑖 (𝑠′𝑖 , 𝑠−𝑖) for all 𝑠′𝑖 ∈ 𝑆𝑖. 
Definition 8. 𝑠 is a pure Nash equilibrium of 𝐻 = (𝑁, {𝑆𝑖}𝑖∈𝑁 , {⪰𝑖}𝑖∈𝑁 ) if, for all 𝑖 ∈ 𝑁 , 𝑠𝑖 is a best response to 𝑠−𝑖. 
Remark 10. 𝑠 is a pure Nash equilibrium of 𝐺 if and only if 𝑠 is a pure Nash equilibrium of the associated ordinal game 𝐻(𝐺). 
Definition 9.  The best response graph of 𝐻 is the directed graph (𝑆,→) with vertex set 𝑆 and edge set → such that 𝑠 → 𝑠′ if and only 
if there exists 𝑖 ∈ 𝑁 such that

• 𝑠−𝑖 = 𝑠′−𝑖,
• 𝑠𝑖 is not a best response to 𝑠−𝑖,
• 𝑠′𝑖 is a best response to 𝑠−𝑖.

Note that a vertex 𝑠 ∈ 𝑆 is a Nash equilibrium if and only if it has no outgoing edges. 𝐻 is connected if it has at least one Nash 
equilibrium and from every non-Nash equilibrium strategy profile, to every Nash equilibrium, there exists a path on the best response 
graph. 

A.2.  Lemmas

The following lemma builds upon Theorem 1 of Johnston et al. (2025), which bounds the proportion of ordinal games with a pure 
Nash equilibrium that are connected. The distribution Γ over games in our setting implies a distribution over the associated ordinal 
games. When Γ is unbiased, every generic ordinal game occurs with equal probability, so the bound in Johnston et al. (2025) also 
bounds the probability that a game selected according to Γ is connected.
Lemma 1. Fix unbiased Γ, constants 𝛿 > 0, integers 𝑚 ≥ 2. There exists 𝑛̃ such that for all (𝑁,𝑆) such that |𝑁| ≥ 𝑛̃, max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, the 
probability under Γ(𝑁,𝑆) that 𝐻(𝐺) is generic and connected conditional on having at least one pure Nash equilibrium is greater than 1 − 𝛿.

Proof. 
Step 1

Consider a given (𝑁,𝑆). By definition, Γ(𝑁,𝑆) is a probability measure over games (𝑁,𝑆). As 𝐻 maps each 𝐺 ∈ (𝑁,𝑆) to 
𝐻(𝐺) ∈ (𝑁,𝑆), Γ(𝑁,𝑆) also gives a probability measure over ordinal games (𝑁,𝑆).

Step 2
As Γ is unbiased, Γ(𝑁,𝑆) is such that, for any given 𝑖 ∈ 𝑁 , {𝑢𝑖(𝑠)}𝑠∈𝑆 are independent identically distributed continuous random 

variables.
It follows that, for given 𝑖 ∈ 𝑁 , 𝑠, 𝑠′ ∈ 𝑆, 𝑠 ≠ 𝑠′, we have that 𝑢𝑖(𝑠) and 𝑢𝑖(𝑠′) are iid and continuous, therefore 𝑢𝑖(𝑠) = 𝑢𝑖(𝑠′) with 

probability zero.
As 𝑁 , 𝑆 are finite, this implies that with probability one, 𝐺 is such that for all 𝑖 ∈ 𝑁 , 𝑠, 𝑠′ ∈ 𝑆, 𝑠 ≠ 𝑠′, we have 𝑢𝑖(𝑠) ≠ 𝑢𝑖(𝑠′).
Combined with the definition of 𝐻(𝐺), this implies that, with probability one, 𝐻(𝐺) is such that for all 𝑖 ∈ 𝑁 , 𝑠, 𝑠′ ∈ 𝑆, 𝑠 ≠ 𝑠′, we 

have either 𝑠 ≻𝑖 𝑠′ or 𝑠′ ≻𝑖 𝑠. In other words, with probability one, 𝐻(𝐺) is generic, 𝐻(𝐺) ∈ (𝑁,𝑆).
Therefore, the probability that 𝐻(𝐺) satisfies any given property 𝑋 equals the probability that 𝐻(𝐺) is generic and satisfies 

property 𝑋.
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Step 3
The definition of connectedness implies that any connected 𝐻 has at least one pure Nash equilibrium. Therefore, the probability 

under Γ(𝑁,𝑆) that 𝐻(𝐺) is connected, conditional on having at least one Nash equilibrium equals 
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected]

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) has at least one pure Nash eqm] , (A.1)

which by Step 2 equals 
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is generic and connected]

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is generic and has at least one pure Nash eqm] . (A.2)

Step 4
Unbiasedness of Γ implies that every generic ordinal game in (𝑁,𝑆) occurs with equal probability under Γ(𝑁,𝑆). Thus, for sets 

𝐇,𝐇′ ⊆ (𝑁,𝑆), 
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) ∈ 𝐇 ]
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) ∈ 𝐇′]

=
|𝐇|

|𝐇′
|

. (A.3)

Therefore, (A.2) equals 
|

|

{𝐻 ∈ (𝑁,𝑆) ∶ 𝐻 is connected}|
|

|

|

{𝐻 ∈ (𝑁,𝑆) ∶ 𝐻 has at least one pure Nash eqm}|
|

. (A.4)

Step 5
Theorem 1 of Johnston et al. (2025) states that there exists 𝑐 > 0 such that if 𝑛 = |𝑁| is large enough relative to max𝑖∈𝑁 |𝑆𝑖|, then 

(𝐴.4) is greater than or equal to 1 − 𝑒−𝑐𝑛. In statement of the lemma, we bound max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, therefore there exists 𝑛̃ such that, for 
|𝑁| ≥ 𝑛̃, (𝐴.4) is greater than or equal to 1 − 𝑒−𝑐|𝑁|.

Furthermore, for any 𝛿 > 0, we can let 𝑛̃ be large enough that 1 − 𝑒−𝑐𝑛̃ > 1 − 𝛿. This completes the proof. ∎
The next step is to prove that, for any of the dynamics that we consider, the one-shot deviation property holds for any 𝐺 such that 

𝐻(𝐺) is generic and connected.
Lemma 2. If 𝐻(𝐺) is generic and connected, then the OS deviation property holds for 𝐺 and any {𝑃 𝜀}𝜀 satisfying our model assumptions.
Proof. 
Step 1

Consider the weighted, directed graph (𝑆, 𝑐(⋅, ⋅)) with vertex set 𝑆 and the weight of the edge from 𝑠 to 𝑠′ given by 𝑐(𝑠, 𝑠′).
A tree rooted at 𝑠 is a subgraph of (𝑆, 𝑐(⋅, ⋅)) such that there exists a unique path from every 𝑠′ ≠ 𝑠 to 𝑠 and the graph has no cycles. 

The stochastic potential of 𝑠 is the minimum sum of edge weights across all trees rooted at 𝑠.
The assumption that {𝑃 𝜀

𝑖 }𝜀 is non-deterministic implies that, from any 𝑠 ∈ 𝑁𝐸, with positive probability the process moves to 
𝑠′ = (𝑠′𝑖 , 𝑠−𝑖) for some 𝑠′𝑖 ≠ 𝑠𝑖. Furthermore, as 𝑠 ∈ 𝑁𝐸, 𝐵𝑖(𝑠′) = 𝐵𝑖(𝑠) = {𝑠𝑖}, therefore 𝑠′ ∉ 𝑁𝐸. Connectedness implies that there exists 
a finite path of best responses from any 𝑠′ ∉ 𝑁𝐸 to any given target 𝑠∗ ∈ 𝑁𝐸. Therefore, 𝑃 𝜀 has a unique recurrent class for 𝜀 > 0.

If 𝑃 = {𝑃 𝜀}𝜀 is regular and has a unique recurrent class for 𝜀 > 0, then 𝑠∗ ∈ 𝑆𝑆 if and only if 𝑠∗ minimizes stochastic potential 
across all strategy profiles in 𝑠 ∈ 𝑆 (see, e.g. Sandholm, 2010, Theorem 12.A.2).
Step 2

Let 𝑠∗ minimize stochastic potential across 𝑠 ∈ 𝑆. Take a tree  0 rooted at 𝑠∗ with sum of edge weights equal to the stochastic 
potential of 𝑠∗.

Note that genericity implies that the set of pure Nash equilibria equals the set of strict Nash equilibria 𝑁𝐸.

Case 1: 𝑠∗ ∈ 𝑁𝐸.
Let 𝑠1 ∈ argmin𝑠∈𝑆⧵𝑠∗ 𝑐(𝑠∗, 𝑠). Thus, 𝑐(𝑠∗, 𝑠1) = 𝑐(𝑠∗). Add the edge 𝑠∗ → 𝑠1 to  0 to obtain the graph  1.
For some 𝑖 ∈ 𝑁 , 𝑠∗−𝑖 = 𝑠1−𝑖 and 𝑠∗𝑖 ≠ 𝑠1𝑖 . If this were not the case, then we would have 𝑐(𝑠∗, 𝑠1) = ∞. However, by the assumption 

that the perturbed process is non-deterministic, there exists 𝑠 ≠ 𝑠∗ such that 𝑐(𝑠∗, 𝑠) < ∞.
It follows that 𝑠1 is not a NE. Indeed, by genericity, there is a unique best response for 𝑖 to 𝑠∗−𝑖, so 𝑠1 = (𝑠1𝑖 , 𝑠

∗
−𝑖) being an NE would 

contradict 𝑠∗ = (𝑠∗𝑖 , 𝑠
∗
−𝑖) being a NE.

Case 2: 𝑠∗ ∉ 𝑁𝐸.
Set 𝑠1 = 𝑠∗ and let  1 =  0.

Considering both cases, we see that the sum of edge weights in  1 equals the sum of edge weights in  0 plus 𝑐(𝑠∗).
Step 3

Connectedness of 𝐻(𝐺) implies that, for all 𝑠′ ∈ 𝑁𝐸, there exists a finite sequence 𝑠1,… , 𝑠𝑇 = 𝑠′ such that for each 𝑡 = 1,… , 𝑇 − 1, 
there exists 𝑖 ∈ 𝑁 such that 𝑠𝑡+1𝑖 ≠ 𝑠𝑡𝑖, 𝑠𝑡+1−𝑖 = 𝑠𝑡−𝑖, and 𝑠𝑡+1𝑖  is a best response to 𝑠𝑡−𝑖.
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Adjust  1 by first removing any edges leaving 𝑠1,… , 𝑠𝑇 , then, for 𝑡 = 1,… , 𝑇 − 1, adding edges 𝑠𝑡 → 𝑠𝑡+1. The resulting graph  𝑇

is a tree rooted at 𝑠′.
As our unperturbed process follows best response, we have that 𝑐(𝑠𝑡, 𝑠𝑡+1) = 0 for 𝑡 = 1,… , 𝑇 − 1. It follows that the sum of edge 

weights in  𝑇  is less than or equal to the sum of edge weights in  1 minus 𝑐(𝑠′).
Combining with Step 2, this implies that the sum of edge weights in  𝑇  is less than or equal to the sum of edge weights in  0

plus 𝑐(𝑠∗) minus 𝑐(𝑠′).
Consider 𝑠∗ ∉ 𝑂𝑆. The definition of 𝑂𝑆 and 𝑁𝐸 ≠ ∅ together imply ∅ ≠ 𝑂𝑆 ⊆ 𝑁𝐸, therefore we can choose 𝑠′ such that 𝑠′ ∈ 𝑂𝑆. 

By definition of 𝑂𝑆, this implies that 𝑐(𝑠∗) − 𝑐(𝑠′) < 0. Therefore, the sum of edge weights of  𝑇  is strictly less than the sum of edge 
weights of  0. That is, 𝑠′ has strictly lower stochastic potential than 𝑠∗, a contradiction.

Therefore, it must be that 𝑠∗ ∈ 𝑂𝑆 and any 𝑠′ ∈ 𝑂𝑆 has the same stochastic potential as 𝑠∗. Therefore, 𝑆𝑆 = 𝑂𝑆.
 ∎

A.3.  Proof of Theorem 1

Proof of Theorem 1.
Fix an unbiased Γ, universal behavioral rule  , constant 𝛿 > 0, integer 𝑚 ≥ 2.
Combining Lemmas 1 and 2, we have that there exists 𝑛̃ such that for all (𝑁,𝑆) such that |𝑁| ≥ 𝑛̃, max𝑖∈𝑁 |𝑆𝑖| ≤ 𝑚, the probability 

under Γ(𝑁,𝑆) that the OS deviation property holds for 𝐺 and any {𝑃 𝜀}𝜀 satisfying our model assumptions, conditional on 𝐺 having 
at least one pure Nash equilibrium, is greater than 1 − 𝛿.

As the above statement is true for any process 𝑃 = {𝑃 𝜀}𝜀 satisfying our model assumptions, it must be true for the process (𝐺)
specified by the universal behavioral rule  . This completes the proof.

A.4.  Proofs of Propositions 1, 2, 3, 4

First, recall some facts common to all results proved in this section. These facts are common to all behavioral rules satisfying our 
model assumptions.

(i) By definition of 𝑠∗ ∉ 𝑁𝐸, there exists 𝑖 ∈ 𝑁 , 𝑠 𝑖 ≠ 𝑠∗𝑖  such that 𝑠𝑖 ∈ 𝐵𝑖(𝑠∗), 𝑐(𝑠∗, (𝑠𝑖, 𝑠∗−𝑖)) = 0. Therefore, 𝑐(𝑠∗) = 0.
(ii) By definition of 𝑠∗ ∈ 𝑁𝐸, for all 𝑖 ∈ 𝑁 , 𝐵𝑖(𝑠∗) = {𝑠∗𝑖 }. Therefore for all 𝑠 ≠ 𝑠∗, 𝑐(𝑠∗, 𝑠) > 0. Therefore, 𝑐(𝑠∗) > 0.
(iii) Consider 𝑠∗, 𝑠 such that for 𝑖, 𝑗 ∈ 𝑁 , 𝑖 ≠ 𝑗, 𝑠 𝑖 ≠ 𝑠∗𝑖 , 𝑠 𝑗 ≠ 𝑠∗𝑗 . Then, 𝑐(𝑠∗, 𝑠) = ∞.

Facts (i) and (ii) imply that, if 𝑁𝐸 ≠ ∅, then 𝑂𝑆 ⊆ 𝑁𝐸. Fact (iii) implies that, to determine 𝑂𝑆, it suffices to know 𝑐(𝑠∗, 𝑠) for all 
𝑠∗ ∈ 𝑁𝐸, 𝑠 = (𝑠𝑖, 𝑠∗−𝑖), 𝑖 ∈ 𝑁 . Specifically, 

𝑂𝑆 = arg max
𝑠∗∈𝑁𝐸

𝑐(𝑠∗) = arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑐(𝑠∗, (𝑠𝑖, 𝑠∗−𝑖)). (A.5)

Proof of Proposition 1.
Consider 𝑠∗ ∈ 𝑁𝐸. For all 𝑖 ∈ 𝑁 , 𝑠𝑖 ≠ 𝑠∗, (11) implies that 𝑐(𝑠∗, (𝑠𝑖, 𝑠∗−𝑖)) = 1. Substituting into (A.5), we obtain 𝑂𝑆 = 𝑁𝐸.
Proof of Proposition 2.
Consider 𝑠∗ ∈ 𝑁𝐸. For all 𝑖 ∈ 𝑁 , 𝑠𝑖 ≠ 𝑠∗, (13) implies that

𝑐(𝑠∗, (𝑠𝑖, 𝑠∗−𝑖)) = 𝑓
(

max
𝑠̃𝑖∈𝑆𝑖

𝑢𝑖(𝑠̃𝑖, 𝑠∗−𝑖)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=𝑢𝑖(𝑠∗) as 𝑠∗∈𝑁𝐸

−𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

(A.6)

= 𝑓
(

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

.

Substituting into (A.5),

𝑂𝑆 = arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

(A.7)

=
as 𝑓
strictly

increasing

arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖).

Proof of Proposition 3.
From the definition of 𝐵𝜌

𝑖 (⋅), 𝑠′𝑖 is a 𝜌-best response by player 𝑖 to 𝑠′ if and only if, 
𝑢𝑖(𝑠′) ≥ max

𝑠𝑖≠𝑠′𝑖
𝑢𝑖(𝑠𝑖, 𝑠′−𝑖) − 𝜌, (A.8)

which rearranges to 
−𝜌 ≤ 𝑢𝑖(𝑠′) − max

𝑠𝑖≠𝑠′𝑖
𝑢𝑖(𝑠𝑖, 𝑠′−𝑖) = min

𝑠𝑖≠𝑠′𝑖

[

𝑢𝑖(𝑠′) − 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖)
]

. (A.9)
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Therefore, from the definition of 𝜌-𝑁𝐸, 𝑠′ is an 𝜌-𝑁𝐸 if and only if (A.9) holds for all 𝑖 ∈ 𝑁 . That is, 
−𝜌 ≤ min

𝑖∈𝑁
𝑠𝑖≠𝑠′𝑖

[

𝑢𝑖(𝑠′) − 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖)
]

. (A.10)

Consider 
𝜌∗ ∶= − max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

[

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
]

. (A.11)

Then, substituting into (A.10), 𝑠′ is a 𝜌∗-𝑁𝐸 if and only if 
max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

[

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
]

≤ min
𝑖∈𝑁
𝑠𝑖≠𝑠′𝑖

[

𝑢𝑖(𝑠′) − 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖)
]

. (A.12)

Inequality (A.12) holds if and only if 
𝑠′ ∈ arg max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

[

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
]

= 𝑂𝑆. (A.13)

For 𝜌 > 𝜌∗, (A.12), (A.13) and the definition of 𝜌-𝑁𝐸 imply that 𝑂𝑆 ⊆ 𝜌-𝑁𝐸.
For 𝜌 < 𝜌∗, (A.12) cannot be satisfied, therefore 𝜌-𝑁𝐸 = ∅.
Therefore, 

least-𝑁𝐸 =
⋂

𝜌∈ℝ
𝜌-𝑁𝐸≠∅

𝜌-𝑁𝐸 =
(

𝜌∗-𝑁𝐸
)

∩

(

⋂

𝜌>𝜌∗
𝜌-𝑁𝐸

)

= 𝑂𝑆. (A.14)

Proof of Proposition 4.
Consider 𝑠∗ ∈ 𝑁𝐸. For all 𝑖 ∈ 𝑁 , 𝑠𝑖 ≠ 𝑠∗, (21) implies that 

𝑐(𝑠∗, (𝑠𝑖, 𝑠∗−𝑖)) = 𝑔
(

𝑢𝑖(𝑠∗)
)

. (A.15)

Substituting into (A.5),
𝑂𝑆 = arg max

𝑠∗∈𝑁𝐸
min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑔
(

𝑢𝑖(𝑠∗)
)

= arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁

𝑔
(

𝑢𝑖(𝑠∗)
)

(A.16)

=
as 𝑔
strictly

increasing

arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁

𝑢𝑖(𝑠∗).

A.5.  Proofs of results in Section 5

Proof of Theorem 2.
By Lemma 1, with probability greater than 1 − 𝛿, 𝐻(𝐺) is generic and connected. Henceforth, assume this to be the case.
Fix some 𝑠′ ∈ 𝑂𝑆 ⊆ 𝑁𝐸. Consider the sequences in Steps 2 and 3 of the proof of Lemma 2. Specifically, for any 𝑠∗ ∉ 𝑁𝐸, pick 

one such sequence 𝑠∗ = 𝑠1,… , 𝑠𝑇 , and for any 𝑠∗ ∈ 𝑁𝐸 ⧵ 𝑂𝑆, pick one such sequence 𝑠∗, 𝑠1,… , 𝑠𝑇 . Let 𝑇̄  be the maximum 𝑇  amongst 
the sequences we have chosen.

Recall that, in each period, the probability that the updating player is player 𝑖 is given by 𝜋(𝑖). Write 𝜋 = min𝑖∈𝑁 𝜋(𝑖). Full support 
of 𝜋 implies 𝜋 > 0.

Consider any 𝑠∗ ∉ 𝑂𝑆 and associated 𝑠1,… , 𝑠𝑇 , regardless of whether 𝑠∗ = 𝑠1. Starting from 𝑠1, the probability of transition se-
quence 𝑠1,… , 𝑠𝑇  is 

𝑇−1
∏

𝑡=1
𝑃 𝜀(𝑠𝑡, 𝑠𝑡+1) >

for small
enough 𝜀

( 1
2
𝜋
)𝑇−1

≥
by defn
of 𝑇̄

( 1
2
𝜋
)𝑇̄−1

=∶ 𝜅1, (A.17)

where the first inequality follows because, for each 𝑡, the probability of choosing the correct player (to get from 𝑠𝑡 to 𝑠𝑡+1) to best 
respond is at least 𝜋 and the probability of this player best responding is at least 1∕2 for small enough 𝜀.19 Genericity implies that best 
responses are unique.

Next, consider 𝑠∗ ∈ 𝑁𝐸 ⧵ 𝑂𝑆, so that 𝑠∗ ≠ 𝑠1. Let 𝑖 be such that 𝑠∗𝑖 ≠ 𝑠1𝑖 . Then,
𝑃 𝜀(𝑠∗, 𝑠1) =

as 𝑠∗𝑖 ≠𝑠1𝑖
𝜋(𝑖)𝑃 𝜀

𝑖 (𝑠
∗, 𝑠1) =

for 𝑎,𝑘>0
by (4)

𝜋(𝑖) (𝑎 + 𝑜(1))𝜀𝑘 (A.18)

>
as 𝜀→0

and 𝑜(1)→0

𝜋(𝑖)𝑎
2
𝜀𝑘 ≥

by defn
of 𝜋

𝜋 𝑎
2
𝜀𝑘 ≥

by defn
of ⃗𝑐

𝜋 𝑎
2
𝜀𝑐 =∶ 𝜅2𝜀

𝑐 .

19 This follows from the fact that the probability of each possible non-best response is of order 𝜀𝑘 for some strictly positive 𝑘, and there are a finite 
number of non-best responses, so 𝑘 is uniformly bounded above 0. Thus the probability of a non-best response occurring approaches 0 as 𝜀 → 0.
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Combining (A.17) and (A.18), starting from any 𝑠∗ ∉ 𝑂𝑆, the probability of following the chosen sequence is, for small enough 𝜀, 
greater than 𝜅1𝜅2𝜀𝑐 . Thus, from any 𝑠∗ ∉ 𝑂𝑆, the probability of hitting 𝑂𝑆 within 𝑇̄  periods is greater than 𝜅1𝜅2𝜀𝑐 .

It follows that, from any initial state 𝑠∗ ∉ 𝑂𝑆, the expected hitting time of 𝑂𝑆 is less than 𝑇̄  multiplied by the expected number of 
trials until the first success of a geometric distribution with success probability 𝜅1𝜅2𝜀𝑐 . That is the hitting time is less than 𝑇̄ 1

𝜅1𝜅2
𝜀−𝑐 . 

Setting 𝜅 ∶= 𝑇̄ 1
𝜅1𝜅2

, we have our result.
Proof of Theorem 3.
By Lemma 1, with probability greater than 1 − 𝛿, 𝐻(𝐺) is generic and connected. Henceforth, assume this to be the case.
Consider 𝑃𝑁𝐸 (𝑠∗, 𝑠′) and 𝑐𝑁𝐸 (𝑠∗, 𝑠′), 𝑠∗, 𝑠′ ∈ 𝑁𝐸, 𝑠∗ ≠ 𝑠′. Recall that 𝑃𝑁𝐸 (𝑠∗, 𝑠′) is the probability under 𝑃  that, from profile 𝑠∗ at 

𝑡 = 0, the first strategy profile reached in the set 𝑁𝐸 at time 𝑡 > 0 is 𝑠′.
Step 1: Sequences defining 𝑃𝑁𝐸 (𝑠∗, 𝑠′)

If 𝑃𝑁𝐸 (𝑠∗, 𝑠′) ≠ 0, then there exists a sequence 𝑠∗, 𝑠1,… , 𝑠𝑇 = 𝑠′ such that transitions under 𝑃  between consecutive states in the 
sequence happen with positive probability. Indeed, genericity and connectedness implies that such a sequence must exist, as following 
any deviation from 𝑠∗, a sequence of unique best responses leading to 𝑠′ exists.
Step 2: Upper bound on 𝑃𝑁𝐸 (𝑠∗, 𝑠′)

For any given 𝑠1, 𝑠∗𝑖 ≠ 𝑠1𝑖 , 𝑠∗−𝑖 = 𝑠1−𝑖, we have 
𝑃 𝜀(𝑠∗, 𝑠1) =

as 𝑠∗𝑖 ≠𝑠1𝑖
𝜋(𝑖)𝑃 𝜀

𝑖 (𝑠
∗, 𝑠1) =

for 𝑎,𝑘>0
by(4)

𝜋(𝑖) (𝑎 + 𝑜(1))𝜀𝑘 (A.19)

and therefore, for small enough 𝜀, 
𝜋 𝑎
2
𝜀𝑘 < 𝑃 𝜀(𝑠∗, 𝑠1) < 2𝑎 𝜀𝑘 ≤ 2𝑎 𝜀𝑐(𝑠

∗), (A.20)

where the final inequality follows from 𝑘 ≥ 𝑐(𝑠∗) by definition of 𝑐(⋅).
As there a finite set of such 𝑠1, the probability of any of them occuring can thus be bounded above by 𝐴𝜀𝑐(𝑠∗) for some 𝐴 > 0.

Step 3: Lower bound on 𝑃𝑁𝐸 (𝑠∗, 𝑠′)

The probability of following a sequence of best responses 𝑠1,… , 𝑠𝑇 = 𝑠′ is bounded below by ( 12𝜋)𝑇−1 (as in the proof of Theorem 2). 
Therefore, choosing 𝑠′ such that 𝑐(𝑠∗, 𝑠′) = 𝑐(𝑠∗), the probability of following the sequence 𝑠∗, 𝑠1,… , 𝑠𝑇 = 𝑠′ is bounded below by 
( 12𝜋)

𝑇−1𝜋 𝑎
2 𝜀

𝑐(𝑠∗).

Step 4: 𝑁𝐸 is a cycle

Given the bounds on 𝑃𝑁𝐸 (𝑠∗, 𝑠′), it follows from the definition of cost function that 𝑐𝑁𝐸 (𝑠∗, 𝑠′) = 𝑐(𝑠∗). Importantly, this is inde-
pendent of 𝑠′. Consequently, 𝜎(𝑠∗) = 𝑁𝐸 ⧵ 𝑠∗. This implies that Γ = 𝑁𝐸 is a closed cycle of 𝑃𝑁𝐸 .

Step 5: Cyclic decomposition implying result

Cycles can be consolidated to give a Freidlin-Wentzell decomposition of 𝑃𝑁𝐸 . In the case under consideration, we have a single 
closed cycle Γ = 𝑁𝐸 that can be consolidated into a single element. Thus we have a decomposition consisting of only two partitions 
of 𝑁𝐸, 𝐹𝑊

0 =
⋃

𝑠∈𝑁𝐸 {{𝑠}}, 𝐹𝑊
1 = {𝑁𝐸}.

Given this decomposition, it follows immediately from Theorem 3.5 of Newton and Sandholm (2022) that 𝑟(𝑠) = max𝑠∗∈𝑁𝐸 𝑐(𝑠∗) −
𝑐(𝑠).

Proof of Proposition 5.
Consider the proof of Theorem 1. The part of the proof showing the 𝑂𝑆 deviation property is Lemma 2.
Fix behavioral rules {𝑃 𝜀

𝑖 }𝜀. Observe that (31) implies that 𝑂𝑆 is constant with respect to 𝜋. Consider the proof of Lemma 2, but 
under 𝑐𝜋 rather than 𝑐.
Step 1 of the proof remains the same.
Consider Step 2. In Case 1, 𝑠1 ∈ argmin𝑠∈𝑆⧵𝑠∗ 𝑐(𝑠∗, 𝑠). From (29) and (31), it follows that we also have 𝑠1 ∈ argmin𝑠∈𝑆⧵𝑠∗ 𝑐𝜋 (𝑠∗, 𝑠). The 
remainder of Case 1, as well as Case 2, remain the same.
Consider Step 3. (31) implies that 𝑐𝜋 (𝑠∗) = 𝑐(𝑠∗) and 𝑐𝜋 (𝑠′) = 𝑐(𝑠′). Therefore, Step 3 remains the same.

Therefore, 𝑆𝑆𝜋 = 𝑂𝑆. As this holds for all 𝜋 and 𝑂𝑆 does not depend on 𝜋, by definition of Robust-𝑆𝑆 we have Robust-𝑆𝑆 = 𝑂𝑆.
Proof of Proposition 6.

Step 1: Cost function for multinomial probit

From Dokumaci and Sandholm (2011, Proposition 2.5), for 𝑠′, 𝑠′′ = (𝑠′′𝑖 , 𝑠
′
−𝑖), 

𝑐(𝑠′, 𝑠′′) =
∑

𝑠̃𝑖∈𝑆𝑖

(𝑧∗𝑠̃𝑖 )
2

2𝜎2
, (A.21)
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where 

𝑧∗𝑠𝑖 ∶=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

⎛

⎜

⎜

⎝

1
|𝑆̂𝑖 ∪ {𝑠′′𝑖 }|

∑

𝑠̃𝑖∈𝑆̂𝑖∪{𝑠′′𝑖 }

𝑢𝑖(𝑠̃𝑖, 𝑠′−𝑖)
⎞

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=average payoff from
strategies in 𝑆̂𝑖∪{𝑠′′𝑖 }

− 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖), if 𝑠𝑖 ∈ 𝑆̂𝑖 ∪ {𝑠′′𝑖 },

0, otherwise,

(A.22)

with the set 𝑆̂𝑖 ⊂ 𝑆 ⧵ {𝑠′′𝑖 } uniquely determined by the requirement that 

𝑠𝑖 ∈ 𝑆̂𝑖 ⟺ 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖) >
1

|𝑆̂𝑖 ∪ {𝑠′′𝑖 }|

∑

𝑠̃𝑖∈𝑆̂𝑖∪{𝑠′′𝑖 }

𝑢𝑖(𝑠̃𝑖, 𝑠′−𝑖). (A.23)

That is, 𝑆̂𝑖 is the maximal set of strategies that give higher payoffs than the average payoff from strategies in 𝑆̂𝑖 ∪ {𝑠′′𝑖 }. 𝑆̂𝑖 can 
be constructed by adding strategies in descending order of payoffs 𝑢𝑖(⋅, 𝑠′−𝑖), stopping when an addition will no longer increase the 
average payoff from strategies in 𝑆̂𝑖 ∪ {𝑠′′𝑖 }.

Step 2a: Best responses have zero cost

Consider 𝑠′′𝑖 ∈ 𝐵𝑖(𝑠′), so that 𝑢𝑖(𝑠′′𝑖 , 𝑠′−𝑖) ≥ 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖) for all 𝑠𝑖 ∈ 𝑆𝑖. Together with (A.23), this implies 𝑆̂𝑖 = ∅. Together with (A.22) 
and (A.21), this implies 𝑧∗𝑠̃𝑖 = 0 for all 𝑠̃𝑖 and hence 𝑐(𝑠′, 𝑠′′) = 0.

Step 2b: Second best responses have payoff-difference based cost

Now consider 𝐵𝑖(𝑠′) = {𝑠0} and 𝑢𝑖(𝑠′′𝑖 , 𝑠′−𝑖) ≥ 𝑢𝑖(𝑠𝑖, 𝑠′−𝑖) for all 𝑠𝑖 ∈ 𝑆𝑖 ⧵ 𝑠0. Together with (A.23), this implies 𝑆̂𝑖 = {𝑠0}. Together 
with (A.22), this implies

𝑧∗
𝑠0𝑖

=

(

𝑢𝑖(𝑠0𝑖 , 𝑠
′
−𝑖) + 𝑢𝑖(𝑠′′𝑖 , 𝑠

′
−𝑖)

2

)

− 𝑢𝑖(𝑠0𝑖 , 𝑠
′
−𝑖) =

𝑢𝑖(𝑠′′𝑖 , 𝑠
′
−𝑖) − 𝑢𝑖(𝑠0𝑖 , 𝑠

′
−𝑖)

2
, (A.24)

𝑧∗𝑠′′𝑖
=

(

𝑢𝑖(𝑠0𝑖 , 𝑠
′
−𝑖) + 𝑢𝑖(𝑠′′𝑖 , 𝑠

′
−𝑖)

2

)

− 𝑢𝑖(𝑠′′𝑖 , 𝑠
′
−𝑖) =

𝑢𝑖(𝑠0𝑖 , 𝑠
′
−𝑖) − 𝑢𝑖(𝑠′′𝑖 , 𝑠

′
−𝑖)

2
.

Substituting into (A.21), 

𝑐(𝑠′, 𝑠′′) = 2
(𝑢𝑖 (𝑠0𝑖 , 𝑠′−𝑖 )∕2 − 𝑢𝑖 (𝑠′′𝑖 , 𝑠

′
−𝑖 )∕2)2

2𝜎2
=

(𝑢𝑖(𝑠0𝑖 , 𝑠
′
−𝑖) − 𝑢𝑖(𝑠′′𝑖 , 𝑠

′
−𝑖))

2

4𝜎2
. (A.25)

Note that the right hand side of (A.25) is a strictly increasing function 𝑓 ∶ ℝ++ → ℝ++, with 𝑓 (𝑥) = 𝑥2∕4𝜎2 taking argument 
𝑢𝑖(𝑠0𝑖 , 𝑠

′
−𝑖)

⏟⏞⏞⏟⏞⏞⏟
=max𝑠̃𝑖∈𝑆𝑖 𝑢𝑖(𝑠̃𝑖 ,𝑠

′
−𝑖)

by 𝑠0𝑖 ∈𝐵𝑖(𝑠′)

− 𝑢𝑖(𝑠′′𝑖 , 𝑠
′
−𝑖) = max

𝑠̃𝑖∈𝑆𝑖
𝑢𝑖(𝑠̃𝑖, 𝑠′−𝑖) − 𝑢𝑖(𝑠′′𝑖 , 𝑠

′
−𝑖). (A.26)

That is, second best responses have a cost that is a strictly increasing function of payoff differences.
Step 2c: Monotonicity of costs in payoffs

Additionally, it can be checked that for any 𝑠1𝑖 , 𝑠2𝑖 ∈ 𝑆𝑖 such that 𝑢𝑖(𝑠1𝑖 , 𝑠′−𝑖) ≥ 𝑢𝑖(𝑠2𝑖 , 𝑠
′
−𝑖), we have 𝑐(𝑠′, (𝑠1𝑖 , 𝑠′−𝑖)) ≤ 𝑐(𝑠′, (𝑠2𝑖 , 𝑠

′
−𝑖)).

Step 3: 𝑂𝑆 = least-𝑁𝐸

Consider 𝑠∗ ∈ 𝑁𝐸. By definition of 𝑁𝐸, 𝐵𝑖(𝑠∗) is a singleton, say 𝑠0. By Step 2c, the least cost deviation by player 𝑖 is to some 𝑠′′𝑖
such that 𝑢𝑖(𝑠′′𝑖 , 𝑠∗−𝑖) ≥ 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖) for all 𝑠𝑖 ∈ 𝑆𝑖 ⧵ 𝑠0. By Step 2b, the cost of this deviation is given by (A.25). Using (A.26) and taking 
the minimum over all 𝑖 ∈ 𝑁 ,

𝑐(𝑠∗) = min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

max
𝑠̃𝑖∈𝑆𝑖

𝑢𝑖(𝑠̃𝑖, 𝑠∗−𝑖)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=𝑢𝑖(𝑠∗) as 𝑠∗∈𝑁𝐸

−𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

(A.27)

= min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

.

Substituting into (A.5),

𝑂𝑆 = arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

𝑓
(

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
)

(A.28)
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=
as 𝑓
strictly

increasing

arg max
𝑠∗∈𝑁𝐸

min
𝑖∈𝑁
𝑠𝑖≠𝑠∗𝑖

[

𝑢𝑖(𝑠∗) − 𝑢𝑖(𝑠𝑖, 𝑠∗−𝑖)
]

=
by Prop.3 least-𝑁𝐸.

Proof of Proposition 7.
𝔼Γ(𝑁,𝑆)[ |𝑁𝐸𝑢̃| ] =

∑

𝑠∈𝑆
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑠 ∈ 𝑁𝐸𝑢̃] (A.29)

=
∑

𝑠∈𝑆

∏

𝑖∈𝑁
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[{𝑠𝑖} = 𝐵𝑖,𝑢̃(𝑠)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝛽< 1
𝑚

= |𝑆|𝛽|𝑁| = 𝑚|𝑁|𝛽|𝑁|

|𝑁|→∞
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 0,

which together with 
𝔼Γ(𝑁,𝑆)[ |𝑁𝐸𝑢̃| ] =

∑

𝑘∈ℤ+

𝑘 𝑃 𝑟𝑜𝑏Γ(𝑁,𝑆)[ |𝑁𝐸𝑢̃| = 𝑘 ], (A.30)

implies 

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ = ∅ ] = 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[ |𝑁𝐸𝑢̃| = 0 ]
𝑁→∞
←←←←←←←←←←←←←←←←←←←←←←←←→ 1. (A.31)

Proof of Theorem 4.
Step 1: Poisson approximation and lower bound on 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅]

Fix Γ,  , 𝛿, 𝑚 ≥ 2. Let 𝛽 = 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[{𝑠𝑖} = 𝐵𝑖,𝑢̃(𝑠)] for arbitrary 𝑖 ∈ 𝑁 . Due to the existence of atoms, we have 𝛽 < 1
𝑚 . As in the 

proof of Proposition 7, recalling that 𝑛 = |𝑁|,

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)
[

𝑠 ∈ 𝑁𝐸𝑢̃
]

= 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)

[

1𝑁𝐸𝑢̃
(𝑠) = 1

]

= 𝛽𝑛, (A.32)

𝔼Γ(𝑁,𝑆)
[

|𝑁𝐸𝑢̃|
]

= 𝔼Γ(𝑁,𝑆)

[

∑

𝑠∈𝑆
1𝑁𝐸𝑢̃

(𝑠)

]

=
∑

𝑠∈𝑆
𝛽𝑛 = 𝑚𝑛𝛽𝑛. (A.33)

Note that

1𝑁𝐸𝑢̃
(𝑠) is not independent of 1𝑁𝐸𝑢̃

(𝑠′) for 𝑠′ = (𝑠′𝑖 , 𝑠−𝑖),
1𝑁𝐸𝑢̃

(𝑠) is independent of 1𝑁𝐸𝑢̃
(𝑠′′) for 𝑠′′𝑖 ≠ 𝑠𝑖, 𝑠′′𝑗 ≠ 𝑠𝑗 , 𝑖 ≠ 𝑗.

This allows us to use Theorem 1 of Arratia et al. (1989) to derive the following lemma that approximates |𝑁𝐸𝑢̃| by a Poisson 
distribution with mean 𝔼Γ(𝑁,𝑆)

[

|𝑁𝐸𝑢̃|
]

.20

Lemma 3. Let 𝑌  be a Poisson random variable with mean 𝔼Γ(𝑁,𝑆)
[

|𝑁𝐸𝑢̃|
]

. Then, 

sup
𝑍⊆ℤ+

|

|

|

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[|𝑁𝐸| ∈ 𝑍] − 𝑃𝑟𝑜𝑏[𝑌 ∈ 𝑍]||
|

≤ 𝑚𝑛(𝑛(𝑚 − 1) + 1)𝛽2𝑛.

Lemma 3 implies that
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅] ≥ 𝑃𝑟𝑜𝑏[𝑌 > 0] − 𝑚𝑛(𝑛(𝑚 − 1) + 1)𝛽2𝑛 (A.34)

= 1 − 𝑒−𝛽
𝑛𝑚𝑛

− 𝑚𝑛(𝑛(𝑚 − 1) + 1)𝛽2𝑛.

Step 2: Lower bound on 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢 ∪𝑁𝐸𝑢 = ∅]

Consider the event that either 𝐻(𝐺) is connected𝑢 or 𝑁𝐸𝑢 = ∅. We have
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢 ∪𝑁𝐸𝑢 = ∅] = (A.35)

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢 ≠ ∅]𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢 ≠ ∅]

+ 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢 = ∅]

≥ 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢 ≠ ∅] ≥
for large enough 𝑛,
for some 𝑐>0

1 − 𝑒−𝑐𝑛,

where the last inequality follows from Johnston et al. (2025, Theorem 1). for the remainder of the proof , assume 𝑛 is large enough 
that this holds.

20 Rinott and Scarsini (2000) apply Arratia et al. (1989) to games without atoms. With reference to Theorem 3.1 of Rinott and Scarsini (2000), the 
difference is that the bound in our lemma is 𝑚𝑛(𝑛(𝑚 − 1) + 1)𝛽2𝑛, whereas without atoms 𝛽 is replaced by 1∕𝑚 to give 𝑚𝑛(𝑛(𝑚 − 1) + 1)(1∕𝑚)2𝑛.
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Step 3: Lower bound on 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢̃ ≠ ∅]

Note that 𝑁𝐸𝑢 = ∅ implies 𝑁𝐸𝑢̃ = ∅. Therefore,
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢 ∪𝑁𝐸𝑢 = ∅|𝑁𝐸𝑢̃ ≠ ∅] (A.36)

= 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢̃ ≠ ∅].

Let 𝐴 denote the event “𝐻(𝐺) is connected𝑢 ∪𝑁𝐸𝑢 = ∅”. Then,
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢̃ ≠ ∅] (A.37)

=
by (71) 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐴|𝑁𝐸𝑢̃ ≠ ∅] =

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐴 ∩𝑁𝐸𝑢̃ ≠ ∅]
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅]

≥
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐴] − (1 − 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅])

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅]
= 1 −

1 − 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐴]
𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝑁𝐸𝑢̃ ≠ ∅]

≥
by (70),(69) 1 −

𝑒−𝑐𝑛

1 − 𝑒−𝛽𝑛𝑚𝑛 − 𝑚𝑛(𝑛(𝑚 − 1) + 1)𝛽2𝑛

Step 4: For small 𝑢̄, 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢̃ ≠ ∅] → 1 as 𝑛 → ∞

We shall show that, for small enough 𝑢̄, the final expression of (A.37) approaches one as 𝑛 → ∞. Proceed by dividing each term 
in the numerator and denominator of the fraction in the expression by 𝛽𝑛𝑚𝑛 and considering the limit 𝑛 → ∞.

(i) The Maclaurin series of 1 − 𝑒−𝛽𝑛𝑚𝑛  implies that lim𝑛→∞
1−𝑒−𝛽𝑛𝑚𝑛

𝛽𝑛𝑚𝑛 = 1.

(ii) In contrast, lim𝑛→∞
𝑚𝑛(𝑛(𝑚−1)+1)𝛽2𝑛

𝛽𝑛𝑚𝑛 = lim𝑛→∞(𝑛(𝑚 − 1) + 1)𝛽𝑛 = 0.

(iii) Finally, consider lim𝑛→∞
𝑒−𝑐𝑛

𝛽𝑛𝑚𝑛 = lim𝑛→∞ 𝑒−𝑛(𝑐+log 𝛽𝑚). This equals zero if 𝑐 + log 𝛽𝑚 > 0.

Considering the definition of 𝛽 (for arbitrary 𝑖 ∈ 𝑁) together with the fact that payoff distribution 𝐹  is continuous, 

𝛽 = 𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[{𝑠𝑖} = 𝐵𝑖,𝑢̃(𝑠)]
𝑢̄→0
←←←←←←←←←←←←←←←←←→

1
𝑚
, (A.38)

we have that 𝛽𝑚 → 1 and log 𝛽𝑚 → 0. Therefore, for 𝑢̄ small enough that 𝑐 + log 𝛽𝑚 > 0, the inequality in (𝑖𝑖𝑖) holds and lim𝑛→∞
𝑒−𝑐𝑛

𝛽𝑛𝑚𝑛 →
0.

Considering (i), (ii), (iii), (A.37) together, for 𝑢̄ small enough that 𝑐 + log 𝛽𝑚 > 0, 

𝑃𝑟𝑜𝑏Γ(𝑁,𝑆)[𝐻(𝐺) is connected𝑢|𝑁𝐸𝑢̃ ≠ ∅]
𝑛→∞
←←←←←←←←←←←←←←←←←←←←←→ 1 (A.39)

Step 5: If 𝐻(𝐺) is connected𝑢 and 𝑁𝐸𝑢̃ ≠ ∅, then one-shot deviation holds
Assume 𝐻(𝐺) is connected𝑢 and 𝑁𝐸𝑢̃ ≠ ∅. Consider 𝑠∗ ∈ 𝑁𝐸𝑢̃.

(i) For 𝑠′ ∉ 𝑁𝐸𝑢, as 𝐻(𝐺) is connected under 𝑢, there is a path of best responses 𝑠′,… , 𝑠∗ under 𝑢. Remark 9 implies that this is also 
a path of best responses under 𝑢̃.

(ii) Consider 𝑠∗∗ ∈ 𝑁𝐸𝑢 ⧵𝑁𝐸𝑢̃. 𝑠∗∗ ∉ 𝑁𝐸𝑢̃, so there exist 𝑖 ∈ 𝑁 , 𝑠′𝑖 ∈ 𝑆𝑖, 𝑠′𝑖 ≠ 𝑠∗∗𝑖  such that 𝑠′𝑖 ∈ 𝐵𝑖(𝑠∗∗). 𝑠∗∗ ∈ 𝑁𝐸𝑢 implies that 𝑠′ =
(𝑠′𝑖 , 𝑠

∗∗
−𝑖 ) ∉ 𝑁𝐸𝑢. Combining with (i), we have a path of best responses 𝑠∗∗, 𝑠′,… , 𝑠∗ under 𝑢̃.

(iii) Consider 𝑠∗∗ ∈ 𝑁𝐸𝑢̃. By definition of 𝑢̃, this implies 𝑠∗∗ ∈ 𝑁𝐸𝑢. Let 𝑠′ = (𝑠′𝑖 , 𝑠
∗∗
−𝑖 ) be such that 𝑐𝑢̃(𝑠∗∗, 𝑠′) = 𝑐𝑢̃(𝑠∗∗). 𝑠∗∗ ∈ 𝑁𝐸𝑢 implies 

that 𝑠′ ∉ 𝑁𝐸𝑢. Combining with (i), a transition to 𝑠∗ can be completed via the path of best responses 𝑠′,… , 𝑠∗ under 𝑢̃.

The above points imply that we can apply the arguments of Lemma 2, only for 𝑁𝐸𝑢̃ rather than 𝑁𝐸𝑢. For all 𝑠∗ ∈ 𝑁𝐸𝑢̃, stochastic 
potential is ∑𝑠∈𝑁𝐸𝑢̃⧵𝑠∗ 𝑐𝑢̃(𝑠), therefore 𝑆𝑆𝑢̃ comprises the maximizers of 𝑐𝑢̃(𝑠∗). That is, 𝑆𝑆𝑢̃ = 𝑂𝑆𝑢̃. 
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