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1. Introduction

It is standard in economics to assume that agents form beliefs about the uncertainties they face and choose strategies in response
to these beliefs. However, in environments where players have limited information, alternative decision making procedures may be
more appropriate. In this paper, we take two popular classes of decision making procedures and combine them. Under this new,
broad class of rules we study the classic problem of the prisoner’s dilemma and the evolution of cooperation. In particular, we study
conditions under which defection, the strictly dominant strategy, is unstable in a population.

One belief-free decision making procedure is procedural rationality (Osborne and Rubinstein, 1998). To illustrate the choice
procedure, we adapt an example from the cited paper. Alice has just moved to Bangalore and must choose a route to drive
downtown to work. She has no information about which routes are typically congested. In such a scenario, it is plausible that
she will experiment: testing different choices of route before settling on the one that performs best on average across her tests. Such
procedurally rational decision making has been successfully applied to a variety of games (e.g. Spiegler, 2006; Sandholm et al.,
2019; Sethi, 2021; Arigapudi et al., 2021).

Another belief-free decision making procedure is imitation. Alice asks neighbors about their commuting experiences, then adopts
the commute that performs best on average across her neighbors’ reports. There exists a large theoretical and experimental literature
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Table 1
Prisoner’s dilemma. Two player game with strategies cooperate (C) and defect (D). Gain from uni-
lateral defection is parameterized by g > 0, while loss from an opponent’s defection is parameterized
by 1> 0.

C D
cl 1,1 |-L1+g
D|(14+g—I| 0,0

on imitation (Al6s-Ferrer and Schlag, 2009; Apesteguia et al., 2007), and it can be a relatively efficient way to make decisions (see,
e.g. Schlag, 1998, 1999; Schipper, 2009; Duersch et al., 2012).

In this paper, we combine these decision making procedures into a single class. That is, we consider that Alice might combine
direct information from experimentation (procedural rationality) with indirect information from neighbors (imitation). For example,
she might follow a procedure by which she tries every route once and combines her information from this experience with
information she learns from her neighbors. This unification of two classes of decision making procedure is the modeling contribution
of the current paper.

Modeling Contributions. In the current paper, we combine procedural rationality and imitation in a population model. Agents
in our model test each strategy m times to obtain direct information, then sample k strategies from the population to obtain indirect
information, thus combining

(a) Dynamics of procedural rationality, known as sampling dynamics (Sethi, 2000) or best experienced payoff dynamics
(Sandholm et al., 2020).

(b) Imitative dynamics in which the amount of information obtained about a strategy depends on its frequency in the population
(W.H. Sandholm, 2010).

This hybridization is natural because both procedural rationality and imitation are belief-free procedures. Agents need not know
the payoff structure of the game, but instead rely on realized payoffs from tested or observed strategies. In environments with limited
information, it is therefore plausible that agents combine direct experimentation with indirect information from the experiences of
others, rather than relying exclusively on one source of payoff information.

The prisoner’s dilemma (Table 1) is famous in game theory, economics and biology. It is the workhorse that underpins models of
public good provision (Hardin, 1968; Fehr and Géachter, 2000) and the broader evolution of cooperation (Bowles and Gintis, 2011;
Hilbe et al., 2013; Glynatsi et al., 2024). An important topic in this literature is the study of conditions under which cooperation
proliferates when rare. That is, starting from universal defection — the population state at which every player defects, if a small
amount of cooperation enters the population, does it then increase its share, or does it shrink back to nothing? In other words, is
universal defection unstable or stable?

We study conditions under which cooperation proliferates when rare under our large class of hybrid dynamics that nest both
procedural rationality and imitation. These dynamics are summarized in Fig. 1. We find that results can qualitatively differ to those
obtained under either procedural rationality alone (Arigapudi et al., 2021) or imitation alone.'

Finding 1. Universal defection is stable under procedural rationality when each strategy is tested once (m = 1).? Universal defection is also
stable under imitation when k > 2 strategies are sampled from the population.® However, under the hybrid procedure that combines these
two sources of information (m = 1, k > 1), universal defection is unstable when gains from defection and losses from being defected against
(g and I in Table 1) are sufficiently small.

Before we describe our general characterization, it is worth considering why Finding 1 is surprising and subtle. Consider m = k = 1
and states close to universal defection where there is very little cooperation in the population.

(i) The procedural rationality component tests each of C and D once (m = 1).
(i) The imitative component tests one strategy (k = 1) drawn from the population. This will almost always be D, as there is little
C in the population.

Therefore, the hybrid procedure will, with high probability, test C once (directly) and D twice (once directly and once indirectly). It
can be shown that if this were always the case, then universal defection would be stable. However, the small probability of C being
the indirectly sampled strategy in step (ii) suffices to overturn the advantage of defection. Universal defection becomes unstable and
cooperation proliferates when rare. Moreover, the resulting amount of cooperation is qualitatively significant: we obtain an almost
globally stable state at which a considerable share (29.3%) of agents cooperate (Fig. 3).

1 The dynamic for imitation on its own is monotone in the sense of Nachbar (1990), so the strictly dominated strategy C (cooperate) is eliminated over time.

2 Osborne and Rubinstein (1998) call the procedure when each strategy is tested exactly once the S(1) procedure. It is the primary focus of their exposition
and analysis.

3 When m =0 and k = 1, every population state is a stationary state, so nothing happens.
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Fig. 1. Summary of choice procedure. The share of agents in the population currently playing C is given by p. The choice procedure combines
two components. Procedural rationality directly tests strategies a given number of times against random opponents. Imitation indirectly tests
strategies by randomly observing instances of them being played against random opponents. The tested strategy that gives the highest average
realized payoff is then chosen, with tie breaking in favor of D.

In general, we derive necessary and sufficient conditions for universal defection to be unstable. These conditions are a
combination of the amount of direct and indirect information used, as well as the payoff parameters of the game.

Finding 2. Universal defection is unstable if and only if the loss from being defected against (1) is low and either

() There is enough procedural rationality (m > 2); or
(II) There is a minimal amount of procedural rationality (m = 1), some amount of imitation (k > 1) and the gain from defection (g) is low.

In addition to the subtleties of the m = 1 case described above, Finding 2 describes instability arising from testing each strategy
at least twice (m > 2). When cooperation is rare and is tested at least twice, the probability that at least one test of C is against an
agent playing C exceeds the share of agents playing C in the population. When the payoff from a single such test outweighs the
losses from the remaining tests of C against agents playing D, cooperation is chosen sufficiently often for universal defection to be
unstable.

Finding 2 summarizes Theorems 1, 2, and 3 of the paper. It answers questions about competing effects. For example, it tells us
that

m=2,k=0) , (m=0,k>2) and (m=2,k=>2),

defection unstable defection stable defection unstable

as well as implying Finding 1,

(m=1,k=0) and (m=0,k>2) yet (m=1,k>1).
defection stable defection stable defection unstable
The above results are for a fixed amount of information. That is, m and k are fixed. A natural extension and robustness check
is to consider situations in which the overall amount of information collected is not fixed. Specifically, we consider situations in
which an agent wishes to test each strategy a minimum of m times and keeps sampling until this criterion is satisfied.

Finding 3. Under sequential sampling until each strategy is tested a minimum of m times, universal defection is unstable if and only if the
loss from being defected against (1) is low and m > 2.

This finding summarizes Theorems 4 and 5 of the paper. The result is cleaner than that for fixed sample sizes. The reason for
this is that, for m = 1 and population states close to universal defection, the probability of testing strategy C more than once is even
lower than in the fixed sample size model. Indeed, it is low enough to remove the possibility of instability.*

4 Writing p as the share of C in the population, the probability of testing C more than once is of order O(p) for the fixed sample size model, but of order
O(p?) under the minimum threshold model.
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Overall, we provide a complete characterization of when cooperation proliferates when rare under our class of hybrid dynamics
that spans procedural rationality, imitation, and the space in between. In doing so, we not only derive new results, but also obtain
an understanding of the robustness of existing results. This will be discussed further in the Related Literature section.

The overall message of our results is the importance of testing strategies twice or more. Finding 2-I and Finding 3 show that as
long as this is the case, and as long as the risk from cooperating (/) is not too high, cooperation will proliferate when rare. This
occurs without any explicit altruism, via the invisible hand of sampling and testing possible strategies.®

Outline of the paper: Following a brief discussion of related literature and positioning of our results, Section 2 presents the
model. Section 3 presents the results and Section 4 concludes. Proofs are in Appendix A.

Related literature & contribution

The version of procedural rationality studied here originates with Osborne and Rubinstein (1998) and Sethi (2000), and was
later generalized by Sandholm et al. (2020). Procedurally rational learning dynamics have been applied to a wide range of strategic
environments, including price competition with boundedly rational consumers (Spiegler, 2006), common-pool resources (Cardenas
et al., 2015), public good provision (Mantilla et al., 2018), centipede games (Sandholm et al., 2019), finitely repeated games (Sethi,
2021), the prisoner’s dilemma (Arigapudi et al., 2021), the traveler’s dilemma (Berkemer et al., 2023), the trust game (Arigapudi
and Lahkar, 2024), the bilingual game (Arigapudi, 2024), the ultimatum game (Lahkar and Mahanta, 2025), and the hawk-dove
game (Arigapudi and Heller, 2025). A central theme in this literature is that under procedurally rational learning dynamics, strict
Nash equilibria can be unstable and non-Nash equilibria can be stable.®

This paper makes several contributions to this literature. We develop a unified framework that combines procedural rationality
with imitative dynamics. Within this framework, we provide conditions under which cooperation can proliferate when rare, in the
sense that the share of cooperators initially increases from population states close to universal defection, a central concern in the
literature on the evolution of cooperation (see,e.g. Boyd et al., 2010). Our analysis demonstrates that results on stability under
procedural rationality for m = 2 are robust to both the inclusion of additional information (k > 1, Finding 2) and to changes in
the sampling procedure (Finding 3).” In contrast, the predictions of the procedural rationality literature for m = 1 are less robust
(Finding 1), but remain valid in most circumstances (Finding 2-II).

A final methodological contribution of the current paper is to extend the framework to sequential sampling, where the overall
quantity of information, and not only the strategies to which the information pertains, is endogenously determined. We prove results
for this setting (Finding 3) that are similar, but not identical to, those for fixed m and k. Overall, the paper’s perspective on combining
sample selection, procedural rationality, and imitation should be applicable to other environments beyond the prisoner’s dilemmas
studied here.

From a broader perspective, our analysis adds to the literature on hybrid evolutionary dynamics. Notably, Sandholm (2005),
W. Sandholm (2010) show that adding even a small amount of direct strategy evaluation (excess payoff dynamics and pairwise
comparison dynamics respectively) to imitative dynamics can restore Nash stationarity. The present paper is similar in that
hybridization can create or preserve important stability and instability properties.

2. Model
2.1. Population dynamics

There is a population of unit mass. Agents from this population are randomly matched to play the prisoner’s dilemma game with
payoffs shown in Table 1. Let p(r) € [0, 1] be the share of agents playing strategy C, and 1 — p() the share of agents playing strategy
D at time ¢. These shares evolve over time r € R, as agents exit and are replaced by new agents entering the population. Agents
exit the population at rate one per unit time, independently of their strategies. New agents also enter at rate one per unit time.

Each entering agent observes a nonempty sample of strategies, possibly with repetitions. For each sampled strategy, the agent
also observes a realized payoff from playing that strategy against an independently drawn opponent from the current population

5 To borrow from the lyrics of the song “Santa Claus Is Comin’ to Town” by J. Fred Coots and Haven Gillespie (1934), we might say that making a list [of
strategies] and checking it twice...actually makes agents nice [as in cooperative].

6 A related literature considers sampling best response dynamics, where an agent best responds to a distribution over strategies inferred from a sample of k
other agents. These dynamics were first studied by Sandholm (2001) and Osborne and Rubinstein (2003). Recent contributions include Oyama et al. (2015),
Heller and Mohlin (2018), Salant and Cherry (2020), Sawa and Wu (2023), Arieli and Arigapudi (2024), Danenberg and Spiegler (2025), and Arigapudi et al.
(2025). The critical distinction between procedurally rational learning and sampling best response dynamics lies in the treatment of samples: under procedural
rationality, each strategy is tested against the strategies of independently drawn opponents, whereas under sampling best response dynamics, all strategies are
evaluated against the same sample. Procedurally rational learning thus captures scenarios where agents lack knowledge of the payoff structure and rely only on
experienced payoffs, while sampling best response captures scenarios where agents know the payoff structure but sample to learn about the play of other agents
in the population.

7 Arigapudi et al. (2021) show that under pure procedural rationality in a prisoner’s dilemma game with g,/ < | and m = 2, there is an almost globally stable
state at which approximately 28% of agents cooperate.



S. Arigapudi and J. Newton European Economic Review 189 (2026) 105462

in the game of Table 1. Precise mechanisms for generating these samples and payoffs will be described later: they may arise from
agents testing strategies themselves, from observing the play and payoffs of others, or from a combination of both.®

For a given agent, we refer to the occurrences of strategy C in her sample as the C-sample and the occurrences of strategy D as
the D-sample. Denote the size of her C-sample by N, and the size of her D-sample by N,. Given a sample and payoffs, the entering
agent adopts a strategy as follows:

(D) If her sample is homogeneous in that it only contains C (respectively D), then the entering agent adopts strategy C
(respectively D).

(ID) If her sample is heterogeneous, then she adopts C if and only if the mean realized payoff for the C-sample is strictly greater
than the mean realized payoff for the D-sample. Otherwise, she adopts strategy D.’

Example 1. Consider an entering agent who obtains a sample of size 3, with two occurrences of C and one occurrence of D.
For each element of her sample, she observes a realized payoff obtained when the strategy is tested against an opposing strategy
independently drawn according to p(r). From the payoffs in Table 1, each C in her sample gives a payoff of 1 with probability p(r)
and a payoff of —/ with probability 1 — p(r), and each D in her sample gives a payoff of 1 + g with probability p(r) and a payoff of
0 with probability 1 — p(¢). Consider the case in which her C-sample gives realized payoffs of 1 and —/ and her D-sample gives a
realized payoff of 0. Then she adopts strategy C if and only if the mean payoff (1-)/2 from her C-sample is strictly greater than the
mean payoff of 0 from her D-sample. Otherwise, she adopts strategy D.

Given the decision making procedure described above, let Pr[C | p] denote the probability that an entering agent chooses C
conditional on the population share of C being p. Writing p as the time derivative of p,

p(®) = Pr[C | p(D] - p(2).

The time argument ¢ will be frequently omitted and left implicit.

2.2. Sample selection

This paper considers different ways in which an agent’s sample sizes N, and N, are determined. We first consider a fixed total
sample size N, + N,.

Definition 1 (Fixed Sample Size).
An entering agent samples a baseline of m € Z plays of each strategy, then augments this sample by observing k agents drawn
uniformly from the population. In this case, we have

k _
(N, Np)=(m+K, m+k-K,), Pr[K,=k]= ( )pkf(l—p)k ke

k.

c

We assume that m + k > 1, so that the entering agent has a nonempty sample.

It is possible that one of m or k is equal to zero. Indeed, these cases correspond to well known rules from the literature.

Example 2 (Fixed Sample Size: Special Cases).

* m=0, k > 1. This is the classic case of simple random sampling.

* m=1, k =0. This is procedural rationality as described by Osborne and Rubinstein (1998). Each strategy is tested once, with
the most successful being adopted.

*m> 1, k = 0. A generalization of procedural rationality is adoption according to best experienced payoffs, as in Sandholm
et al. (2020). Each strategy is tested m times and the strategy giving the highest mean realized payoff is adopted.

In general, we can have both m, k > 1. For k > 1, the distribution over sample sizes (N,, N;) depends on the share p of cooperators
in the population.

Another natural class of rules is threshold rules, under which the sample size is not fixed, but instead the agent keeps sampling
until both C and D have been sampled a satisfactory number of times.

8 Note that, unlike imitative rules that evaluate sampled strategies according to current expected payoffs, our choice procedures evaluate sampled strategies
according to realized payoffs against independently drawn opponents. That is, there can be randomness in both sample selection and in the realized payoffs
associated with the sample.

9 Note that this implicitly assumes tie breaking in favor of D. This is not of qualitative importance to our results, but making some assumption is beneficial
for clarity of exposition. Naturally, tie breaking towards D makes results on the instability of defection even more noteworthy.
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Definition 2 (Threshold).
An entering agent draws agents uniformly from the population, stopping when there are at least m € N strategies of each type
in his sample. Thus,

Pr [(ch Ng) = (m, m)] = (i:’) " (1 - p)™,

k+m—1

Pr[(NuNd)=(m,k),k>m] = < "

>p'”(1 -

Pr [(Nc,Nd> = (), k > m] = <"+’" N ‘) = pm.
m—
Under threshold rules, not only does the distribution over sample sizes (N,, N,;) depend on the share p of cooperators in the
population, but the distribution over total sample sizes N, + N, also depends on p.
Note that, at the boundary states p = 0 and p = 1, this stopping rule does not terminate. Therefore, we define Pr[C | p] for p =0, 1
by the corresponding limit from the interior, for example Pr[C | 0] = lim,,, Pr[C | p].

2.3. Stationarity and stability

Before stating our results formally in the next section, we review some standard definitions. These provide equilibrium and
stability concepts with which we can analyze our model. Consider the dynamical system from Section 2.1,

p="Pr[C|p]-p=: F(p). @

A share of cooperators p* in the population is a stationary state if it is a fixed point of (1). That is, if the share of cooperators
among those exiting the population exactly equals the share of entering agents who choose to cooperate.

Definition 3. p* € [0, 1] is a stationary state if F(p*) = 0.

We are also interested in stability of stationary states under our dynamics. If we move the population slightly away from a
stationary state p*, does the process move away from p*, stay close to p*, or converge back to p*? To consider such questions, we
use standard concepts.

Definition 4. A stationary state p* is

— Lyapunov stable if, for every neighborhood U of p*, there is a neighborhood V' c U of p* such that if p(0) € V, then p(r) € U
for all 7 > 0.

1. asymptotically stable if it is Lyapunov stable and there is some neighborhood U of p* such that p(0) € U implies lim,_, ., p(t) =
p*.

— unstable if it is not Lyapunov stable.

— almost globally stable if, for all p(0) € (0, 1), lim,_,, p(t) = p*.

In words, Lyapunov stability of p* means if the state is close enough to p*, then it will never move far from p*. Asymptotic
stability means if the state is close enough to p*, then it will converge to p*. Almost global stability means that, starting from any
interior state, the process will converge to p*. These stability concepts are nested in terms of strength, with almost global stability
implying asymptotic stability which implies Lyapunov stability.

3. Analysis
3.1. Fixed sample size

This section gives results for the fixed sample size selection procedures described in Definition 1. Results are arranged according
to m, the baseline number of times each strategy, C and D, appears in the tested sample. We begin with m = 0, where there is no
baseline, so the only data used by an agent when adopting her strategy comes from a simple random sample of size k. The case of
k =1 is trivial (p = 0 so the population state never changes), but included for completeness. For k > 2, universal defection (p = 0)
is asymptotically stable [ Fig. 2].

Theorem 1. Consider simple random sampling, m =0, k > 1.

» If k =1, then every p € [0, 1] is a stationary state.
» If k > 2, then p = 0 is asymptotically stable.

Naturally, it is possible to go beyond Theorem 1 and derive more granular results for specific values or ranges of /, g or k.
Notably, for k =2 and k = 3, it can be shown that p = 0 is almost globally stable for all / and g.

Next we consider the case of m = 1. When k = 0, this is the S(1)-equilibrium of Osborne and Rubinstein (1998) as studied
by Sethi (2000). In this case, we know from Example 5 of the latter paper, or more generally from Arigapudi et al. (2021), that
universal defection is globally stable. However, if k > 1, it turns out that universal defection is unstable if both the gains and losses
from unilateral defection are low.
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Fig. 2. Time derivative of p as a function of p. For m = 0, Theorem 1 shows that universal defection (p = 0) is asymptotically stable for k > 2,
while for k = 1 every state is stationary. Here we illustrate k = 1,2,3,4. For k = 2,3,4, take / < ﬁ and g > k — 1. Under these parameters, for C
to be chosen by an entrant with a mixed sample, at least one element of her C-sample must obtain payoff 1 and every element of her D-sample
must obtain payoff 0.

Theorem 2. Consider m = 1.

*Ifk>1, g<k, I <1, then p=0 is unstable.
« Otherwise, p = 0 is asymptotically stable.

Taking k = 0 as a comparison, let us consider how instability arises for k = 1. In the k = 0 case, we have N, = N, = 1. Given
a share p of cooperators in the population, the probability of the C-sample having a higher average payoff than the D-sample is
exactly p(1 — p), which is clearly less than p, therefore the process converges to p = 0. Letting k = 1, we have either N, =2 (w.p. p)
or N; =2 (w.p. 1 — p). There are two effects to consider. Firstly, when N, =2 and / is low, the probability of the C-sample having
the higher average payoff becomes greater than p. This on its own is not enough to destabilize universal defection, as the event
N, = 2 is itself a rare event. In addition, a second effect is required: when N, = 2 and g is low, the probability of the C-sample
having the higher average payoff becomes p(1 — p?). This is greater than the p(1 — p) we obtained under the N, = N, = 1 case, but
still less than p. Thus, this second effect on its own does not induce instability. However, the combination of these two effects is
enough to induce instability, leading to slow growth of p, with p of the order of p. See Fig. 3 for a graphical illustration of p under
these effects.

Next we consider the case of m > 2. With this baseline, N, is always at least two, and when !/ is low, for small values of p, the
probability of the C-sample having higher average payoff than the D-sample is greater than p. The instability of universal defection
under best experienced payoff dynamics (Arigapudi et al., 2021) with m > 2, k = 0 is preserved under fixed sample size procedures
with additional random sampling (k > 1) [ Figs. 4, 5].

Theorem 3. Consider m > 2.

cIfl< ﬁ, then p = 0 is unstable.
< Ifl > ﬁ, then p = 0 is asymptotically stable.

Table 2 reports stable stationary states for g = / = 0.2 across selected values of m and k, computed numerically using Wolfram
Research, Inc. (2026). The selected parameter values illustrate the different cases covered by Theorems 1, 2, and 3. The table also
reveals several additional patterns. Large m eventually eliminates interior stationary states. When / < 1/(m — 1), increasing k causes
the interior stable state to converge slowly towards zero. When / > 1/(m — 1), sufficiently large k can instead eliminate the interior
stationary state altogether.

3.2. Sequential sampling to a threshold

This section gives results for the class of threshold sample selection procedures described in Definition 2. This is another plausible
way to select a sample and thus of independent interest as well as acting as a robustness check for our fixed sample size results. In
particular, proofs are more involved and due to unbounded sample sizes, we have to bound tail probabilities (Arratia and Gordon,
1989).

First we deal with a threshold of m = 1. That is, an entering agent will continue to sample until she has at least one C and at
least one D in her tested sample. For low values of p, there will typically be several D’s before the first C is encountered and the
sample selection terminates. Thus, a typical sample will have N, = 1, N, = k. This is similar to the fixed sample size m = 1 case.
However, results turn out to be cleaner, with universal defection always asymptotically stable.
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Fig. 3. Time derivative of p as a function of p. Consider /,g < 1. For m = 1, k = 0, universal defection is globally asymptotically stable. In

contrast, when m =1, k =1, p* = %(2 - \/E) ~ 0.293 is almost globally stable. The effects of moving from the former to the latter, as discussed
following Theorem 2, are also illustrated.

-0.1}
-0.2f

-0.3}

-0.4

— m=2,k=0 m=2,k=1 — m=2,k=2 — m=2,k=3

Fig. 4. Time derivative of p as a function of p. For m=2,1 < ﬁ, Theorem 3 shows that universal defection is unstable. For k =0,1,2,3, [ < k—l],
g > k+ 1, we observe almost globally stable stationary states at p* ~ 0.245,0.214,0.186,0.164 respectively. Under these parameters, for C to be

chosen by an entrant, at least one element of her C-sample must obtain payoff 1 and every element of her D-sample must obtain payoff 0.

p

~~_ 01 02 03 04 05
0.1}

-0.2f

-0.3}

-0.4}

-0.5¢
— m=2,k=0 m=2,k=1 — m=2,k=2 — m=2,k=3
Fig. 5. Time derivative of p as a function of p. For m =2, | > ﬁ, Theorem 3 shows that universal defection is asymptotically stable. Here we

illustrate k =0,1,2,3, I > k+1, g > k+ 1. Under these parameters, for C to be chosen by an entrant, every element of her C-sample must obtain
payoff 1 and every element of her D-sample must obtain payoff 0.
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Table 2

Stable stationary states, p*, of the fixed sample size dynamics for g =/ = 0.2 and selected values of m, k. The rows for m =0 and m = 1 illustrate
Theorems 1 and 2 respectively. Further observe that an interior stationary state exists for m = 0, k > 9. Rows for m > 2 illustrate Theorem 3, with
m =35 and m = 6 illustrating the transition from / < L tol> L In addition, for large enough m, interior stationary states cease to exist. This

is also the case for large k when / > "— In contrast when 1< ﬁ interior stationary states continue to exist. Although they decrease towards
zero as k gets large, this convergence is quite slow. For example, m = 2 and k = 30 still gives a cooperation share of 15.5%.

m\k 0 1 2 3 4 9 30

0 - - 0 0 0 0, 0.261 0, 0.181

1 0 0.293 0.316 0.257 0.371 0.284 0.163

2 0.282 0.246 0.362 0.287 0.288 0.237 0.155

3 0.332 0.269 0.309 0.249 0.296 0.209 0.129

4 0.356 0.280 0.289 0.275 0.228 0.195 0.105

5 0.372 0.272 0.220 0.239 0.230 0.195 0.065

6 0 0, 0.255 0 0 0, 0.207 0, 0.146 0

7 0 0 0, 0.224 0, 0.177 0, 0.162 0, 0.109 0

11 0, 0.216 0, 0.150 0, 0.103 0, 0.084 0 0 0

12 0 0 0 0 0 0 0
Table 3

Stable stationary states, p*, of the threshold sam-
ple size dynamics for g =/ = 0.2 and m = 1 to

= 10. The row for m = 1 illustrates Theorem
4. Rows for m > 2 illustrate Theorem 5, with
m = 5 and m = 6 illustrating the transition from
| < — to [ > —. In addition, for large enough
m, mterlor statlonary states cease to exist.

* *

m p* m P
1 0 6 0, 0.158
2 0.308 7 0, 0.125
3 0.272 8 0, 0.083
4 0.242 9 0, 0.048
5 0.230 10 0

Theorem 4. If m = 1, then p = 0 is asymptotically stable.

It is instructive to consider the reason that this result differs from the fixed sample size result for m = 1 [ Theorem 2]. Recall
that the fixed sample size result depends on the rare occurrence of samples with N, > 1. This event occurred with probability of
order O(p). Now, consider threshold sample selection with m = 1. As soon as there is at least one sample of C and D, the process
stops. Therefore, to obtain N, > | we require the first two draws to be C. This occurs with probability p?, which turns out to be too
rare to destabilize universal defection.

Next, consider m > 2, so that sampling continues until there are at least two C and two D in the tested sample. Similar to the
case of a fixed sample size [ Theorem 3], it turns out that instability or stability of universal defection depends on whether a single
C sample giving payoff 1 is enough for an entrant to choose C when all of the D samples give payoff 0.

Theorem 5. Consider m > 2.

cIfl< #, then p = 0 is unstable.
< Ifl > ﬁ, then p = 0 is asymptotically stable.

Table 3 reports stable stationary states for g = / = 0.2 across selected values of m, computed numerically using Wolfram Research,
Inc. (2026). The selected parameter values illustrate the different cases covered by Theorems 4 and 5. The table shows that, for
I > 1/(m—1), universal defection can coexist with an interior stable state, but this interior state eventually disappears as m increases.

4. Conclusion

This paper has introduced a broad class of decision rules that bridges procedural rationality and imitation, studied population
dynamics under these rules for prisoner’s dilemmas, and analyzed necessary and sufficient conditions for instability of universal
defection. Results show that the stability of universal defection depends on the procedure by which strategies are sampled, the
amount of direct information (procedural rationality) and indirect information (imitation) used by agents, and the game’s payoff
parameters.

The overall message of our results is the importance of testing strategies twice or more. As long as strategies are guaranteed to
be tested twice or more and the potential loss risked by cooperation (/) is not too high, cooperation will proliferate when rare. This



S. Arigapudi and J. Newton European Economic Review 189 (2026) 105462

holds regardless of whether sample sizes are fixed or sampling is sequential until each strategy has been sampled some required
minimum number of times.

In contrast, if the testing process is one of pure imitation, cooperation will never proliferate when rare. In the middle is the case
where each strategy is guaranteed to be tested once. This typically leads to stability of universal defection, with one exception: if
payoff incentives to defect (g) are weak, the damage from defection (/) is small and sample size is fixed, then cooperation proliferates
when rare.

The “twice is enough” result can be read as a positive result for cooperation. Pure imitation leads to the stability of universal
defection. Nevertheless, it does not take much procedural rationality to overturn this result. Guaranteeing that strategies are sampled
at least twice is enough, regardless of how much of a factor imitation is in decision making.

Naturally, these are qualitative results. As we allow the amount of information used by agents to get large, either by guaranteeing
through procedural rationality that strategies are sampled many times (large m) or by making it probable through imitation that they
are sampled many times (large k), it becomes more and more probable that decision makers come to the conclusion supported by
rational expectations: that defection leads to higher payoffs. This would lead to stable equilibria being close to universal defection,
even if universal defection itself is unstable. Thus, our results are quantitatively important only as long as agents do not use large
amounts of information.

The last point hints at another area of possible qualitative importance. Even when a society passes through a period of high
information decision making, perhaps due to heightened alertness, worry or concern, as long as strategies are tested at least twice,
some level of cooperation, no matter how small, will persist in the population. This opens the door to the possibility that when a
calmer, low information decision making paradigm returns, there is some level of cooperative behavior present in the population
that can then transition to a higher equilibrium value under the new information paradigm.

Agents in many economic and social settings mix direct testing with social observation. Overall, our analysis shows how the
way information is generated and shared can determine whether defection persists or cooperation emerges. This suggests that
interventions which alter learning procedures, not just incentives, may shift long-run outcomes. Applying the framework to games
other than prisoner’s dilemmas is a natural next step.
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Appendix A. Proofs — fixed sample size

A.1. Simple random sampling m =0, k > 1

Proof of Theorem 1.

Case k = 1.

Either the sample is entirely C, in which case the agent chooses C, or entirely D, in which case the agent chooses D. The former
occurs with probability p, so we obtain p = p—p = 0 everywhere. That is, every p € [0, 1] is a stationary state that is not asymptotically
stable.

Case k > 2.

For the C-mean to exceed the D-mean, it is necessary that one of two mutually exclusive situations occur:

(D All k draws are C. This occurs with probability p*.
(ID) Mixed sample (1 < K, <k —1) and

(i) at least one C receives payoff 1, and
(ii) at least one D receives payoff 0.

This gives (numbering as above),

r
(I @ ()]
~ = kol X ———
b< P +§:<k>ﬂwl—m““(bwl—m“)o—p““)—n
SN—~— k=1 \'¢ ——— ———
=0(") T o) =0)

=0(pke)
As k > 2, p¥ = O(p?). Furthermore, k. > 1 inside the sum, so the largest term is O(p?). Thus, for sufficiently small p,
p<OPH)—p<0,

and p = 0 is asymptotically stable. []

10
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A.2. Stratified sample size m = 1

Proof of Theorem 2.
Case k=0
For the C-mean to exceed the D-mean it is necessary that C receives payoff 1 and D receives 0. That is,

p<pl-p) —p

which is < 0 for p > 0. Therefore, p = 0 is asymptotically stable.
Case k>1,g<k,I<1.
For the C-mean to exceed the D-mean it is sufficient that one of the following occur:

(I K, =0. C receives payoff 1. All D receive 0.
Occurs with probability (1 — p)*p(1 — p)!+* = p(1 — p)1+2,
(ID) K, =0. C receives payoff 1. Exactly k of the D receive 0.
Occurs with probability (1 — p)*p(k + 1)p(1 — p)* = (k + 1)p*(1 — p)*k.
(III) K, = 1. At least one C receives payoff 1. All D receive 0.
Occurs w.p. kp(1 — p)*~1(1 — (1 - p)»)(1 - p)* = kp(1 - p)*~'(2p — p*).

Therefore,

@) [49)) (I1T)

e e
P> p(l ="+ (k+ Dp*(1 = p** + kp(1 = p* ' 2p—p*) - p
=p—(+2k)p* + (k + Dp* +2kp* + Op°) — p
= kp* +0(p).
Thus, for sufficiently small p,
p>0,

and p = 0 is unstable.
Case k>1,g<k,[>1.
For the C-mean to exceed the D-mean it is necessary that one of the following occur:

(D K. =0. C receives payoff 1. At least one D receives 0.
(ID) K, > 1. C receives payoff 1 at least twice.

Therefore,
o)
——
p<(1=pFpl = p**h
an
k X m+k, k
+ 2 < >Pk”(1 - p)he Z <m * C>PK(1 —p)"theTr —p
2 \ke = K
c K
=0(pke) =0(p)
=(1—kp+0@)p(l - P+ 00" - p

= —kp* +0(").
Thus, for sufficiently small p,
p<0,

and p = 0 is asymptotically stable.
Case k>1,g > k.
For the C-mean to exceed the D-mean it is necessary that the following occur:

(I) At least one C receives payoff 1.

This occurs with probability 1 — (1 — p)!*kc.
(I All D receive payoff 0.

This occurs with probability (1 — p)!+k—*e

11
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Therefore,
@ an
k k ~
hs ) (k )pm =) (1= =p*he) - p e —p
k=0 c N———
=0(p) =0
=0(pke)
= -p"*HFp+kp(l - p*'2p-pH+ 0@’ -p
—_— ————— ——
term for k.=0 term for k.=l remaining

terms in sum
=p—(1+2k)p* +2kp* + O(p’) - p
=-p*+0(p).
Thus, for sufficiently small p,
p<0,

and p = 0 is asymptotically stable. []
A.3. Stratified sample size m > 2

Proof of Theorem 3.

Case | < L.
m—1

For the C-mean to exceed the D-mean it is sufficient that all of the following occur:

() K, = 0. This occurs with probability (1 — p)*.
(II) At least one C receives payoff 1. Given (I), this occurs with probability 1 — (1 — p)™.
(1) All D receive payoff 0. Given (I), this occurs with probability (1 — p)"+k.
This gives
) an arn
— —t
pzA=pF—=p™ U =p)™*—p=(m—1p+00).
———
=1+0(p)  =mp+0(p?) =1+0(p)

Thus, for sufficiently small p,
p>0,

and p = 0 is unstable.
Case | > -

m—1"
For the C-mean to exceed the D-mean it is necessary that at least two C in the sample receive payoff 1. This gives

k m+k,
p Y (K )ptea—pte 3 (M) et - pyrher —p
K=o \Ke k=2 K

=0(pke) =0(p*)
=0(p") - p.

Thus, for sufficiently small p,
p<0,

and p = 0 is asymptotically stable. []

Appendix B. Proofs — sequential sampling to threshold

B.1. Supporting lemmas

It will be useful to define two events, £, and &,, defined as the final draw of the sequence being C and D respectively. Hence,

PriE] =) <m; f; l)p”’(l -k

k=m

Pr[&,] = Z <m:n—ﬁI 1>pk(1 —p".

k=m

12
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Lemma 1. Pr[£.]=1-0@p™), Pr[;] = O(p™)

Proof.
For the last draw to be D, it is necessary and sufficient that at least m of the first 2m — 1 draws are C. Therefore,

2m—1
P&l = ), <2'"k' 1>pk(1 -p = 0™,

k=m
.

=0(p%)
It follows that Pr[€,] =1-Pr[&]=1-00p"). O

Lemma 2.
2 if m=1
Pr[C>0[E]=1mp+ 0P, if m22, 1<
o). if m2212-4
Proof.
Note that, conditional on &,, there are exactly m draws in the C-sample.
Case m=1

There is only one draw in the C-sample. This draw has payoff more than zero if and only if it is played against C, which happens
with probability p.

Casem>2,1< ﬁ

As the C sample has size m, a single draw with payoff 1 gives a sample mean of

1-(m-1
1=m-DI > 0.
m ——
by l<ﬁ
Thus, at least one draw with payoff 1 is necessary and sufficient for C > 0. The probability of this is

1= (1= p)" = mp+ O@p*).

Casem>2, 1> -

As the C samplemhas size m, a single draw with payoff 1 gives a sample mean of
1—(m-1)

m ——
by lzﬁ

0.

Thus, at least two draws with payoff 1 are necessary for C > 0. The probability of this is
1= =p)" =mp(l =p)" ™" = 1= (1 =mp+0(p*) = (mp+0(p*) = 0(p*). [
Lemma 3. For all § € (0,1), Pr[D > 6| £,]= O(p™).

Proof.
When the D sample has size k, let r, be the minimum number of 1 + g payoffs required to make D > §. That is,

[k
L P

Define
H(x, p) ::xlog(z) +(l—x)10g<1_x>.
p I-p

Then (see, e.g. Arratia and Gordon, 1989) we have that

_ _ Tk
Pr[D > 6| k] = Pr[Bin(k,p) > r,] < e k()

Note that
3 > 9 for all k e N,
k I+g

and H(x, p) is increasing in x on x € (p, 1). Therefore, for p < %, we have
re 5
H(Ep)2H(==p)=h
P ( l+g P>

13
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giving the bound
Pr[D > 6| k] <e ¥ forall k e N.

Summing over k,

P25 &]= o 3 (’"*k‘l)p'"(l ~ P PrD 2 6] 4]

m—1

3 (’" v 1)((1 — Pk
e

=w<1

_ d m+k—1 m ok
_(l—w)m'Pr[é’C]k;m( m— )U W

“

Tail probability of —ve binomial
distribution hence < 1
n

-
(I—wym Pr[&,]
——

=1+0(p"™)
by Lemma 1

_ )4
(1= =pe "1 -0pm)
S ——

m

=0(™, O

—1 as pl0
because (l—p)e—ha()

B.2. Threshold m =1

Proof of Theorem 4.

European Economic Review 189 (2026) 105462

We bound the probability of event C > D together with events £, and &, separately, then combine the bounds.

First, on &,

Pr{{C > D}n&1= Y1 - pf p Pr[C > D|(1, k)]

k=1
oo

< Y1 =pkp PriC 201, k)J-Z(l— kP =p-p.

k=1 N——— k=l

=p

Second, on &,,

Pr[{C > Din&l = Z(l - p) p* Pr[C 2 D|(k, D]

k=1
4

= > (1=p) p* Pr[C > D|(k, 1>1+Z(1—p>p Pr(C > D|(k. 1)]
—_——

k=1 N——— =5
<(1=-p)(1~(1-p)¥)

Ma

(1-p? k(l_(l_,,)k)+z(1_,,),,
k=1 k=5

~ ———
=p2—p*+0(p>) =p

=p* - p*+00").

Combining these bounds,

Pr[C > D] =Pr[{C > D} n &1+ Pr[{C > D} n &l
<(p=p)+ (P =0 +00) =p-p* +00").

Therefore,
p<p-pt+00%) —p=-p*+00p),

which is strictly negative for small p. []
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B.3. Threshold m > 2

Proof of Theorem 5.
Case | < ——

m—1

Choose

5€<0,w>.
m

Then,
Pr[C > D] > Pr[£,]Pr[C > D| &,

> PriE] | PriC>6161 -PrD>5]e
7 o

——
=14+0(p") =mp+0(p2) by the =0(p"™)
by Lemma 1 argument of Lemma 2 by Lemma 3
=mp + O(p?).
Therefore,

p2mp+0(p*)—p=(m—1p+0p),
which is strictly positive for small p.
Case | > -
Pr[C > D] < Pr[C > 0]
Pr[€,] Pr[C>0|&1+ Pr[g] Pr[C>0]&]
N~ —— =

=1+0(p™) =0(p2) =0(p™)
by Lemma 1 by Lemma 2 by Lemma 1
=0(p").
Therefore,
) < O(p°) ~
p= D,

which is strictly negative for small p. []
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